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Gaussian VI

Let Pf ∼ exp f(x) . Denote by Nx,Z the Gaussian measure with

the mean x and covariance Z−1 , i.e. Nx,Z
def
= N (x,Z−1) .

Gauss VI: (xVI,ZVI) = arginf
x,Z

K (Nx,Z ∥Pf ).

Natural candidates:

1. Laplace: xVI ≈ argmax f(x) , ZVI ≈ −∇2f(x∗) ;

2. Moments: xVI ≈ EfX , Z−1
VI ≈ Varf (X) .

[Katsevich and Rigollet, 2023] argued for (2).
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Representation of the KL-divergence

The VI approach assumes minimizing of the KL-divergence

K (Nx,Z ∥Pf ) over all feasible x,Z . Here we rewrite this problem

in terms of local parameters a and S .

Lemma

For any x and any Z , it holds

K (Px,Z ∥Pf ) = C +
1

2
log det(Z−1)− p

2
−Ef(x+ γZ) .

with C depending on f and p only.
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Representation of the KL-divergence

With Cf
def
= log

∫
ef(sx+u) du and Cp = (2π)−p/2 , for any u ∈Rp

dPf

du
(x+ u) = e−Cf ef(x+u) ,

dPx,Z

du
(x+ u) = Cp det(Z1/2) e−∥Z1/2u∥2/2 .

This yields with γZ ∼ N (0,Z−1) and γ ∼ N (0, Ip)

Ex,Z log
dPx,Z

dPf

= Cf + log Cp −Ef(x+ γZ)−
1

2
E∥γ∥2 − 1

2
log det(Z−1) ,

and the result follows in view of E∥γ∥2 = p .
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Z -vicinity

With F = −∇2f(sx) , represent Z in the form

Z
−1/2 = F

−1/2 + S or F
1/4

Z
−1/2

F
1/4 = Ip + F

1/4 S F
1/4.

A vicinity of F using Kullback-Leibler divergence K (N
sx,F ∥Nsx,Z) .

Lemma

Let Z−1/2 = F−1/2 + S and U = F1/4 S F1/4 fulfill ∥U∥ ≤ ν < 1 . Then

K (N
sx,F ∥Nsx,Z)

= − log det(Ip + F
1/4 S F

1/4) +
1

2
tr
{
F(F−1/2 + S)2 − Ip

}
= − log det(Ip + U) + trU +

1

2
tr(FS2) ≥ 1

2
tr(FS2). (1)
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Proof

For two Gaussian distributions N
sx,F,Nsx,Z with the same mean sx

K (N
sx,F ∥Nsx,Z) =

1

2

{
− log det(F Z−1) + tr(FZ−1 − Ip)

}
= − log det

{
F
1/2(F−1/2 + S)

}
+

1

2
tr
{
F(F−1/2 + S)2 − Ip

}
= − log det(Ip + U) +

1

2
tr(FS2 + 2F1/2S)

and (1) follows by x− log(1 + x) ≥ 0 for any x > −1 .
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VI as optimization problem

Consider symmetric matrices S ∈ Mp such that for some ν < 1

∥F1/4 S F
1/4∥ ≤ ν . (2)

Lemma

With γ ∼ N (0, Ip) , a ∈Rp , and S ∈ Mp satisfying (2), define

H(a, S)
def
= − log det(F−1/2 + S)−Ef(sx+ a+ (F−1/2 + S)γ),

(â, Ŝ)
def
= argmin

(a,S)
H(a, S) .

Then the VI problem leads to minimization of the function H(a, S) :

(x̂, Ẑ)
def
= argmin

(x,Z)
K (Px,Z ∥Pf ) =

(
sx+ â, (F−1/2 + Ŝ)−2

)
.

Gaussian Variational Inference · 10. Oktober 2024 · Seite 9 (52)



Outline

1 Gaussian Variational Inference

2 A basic lemma

Fourth order approximation

Quadratic penalization

3 Solution to VI problem

4 Optimization vs sampling

Gaussian Variational Inference · 10. Oktober 2024 · Seite 10 (52)



A linear perturbation

Let f(υ) be a smooth concave function,

υ∗ = argmax
υ

f(υ), F = −∇2f(υ∗).

Let another function g(υ) satisfy for some vector A

g(υ)− g(υ∗) =
〈
υ − υ∗,A

〉
+ f(υ)− f(υ∗). (3)

Define

υ◦ def
= argmax

υ
g(υ), g(υ◦) = max

υ
g(υ).

Aim: evaluate the quantities υ◦ − υ∗ and g(υ◦)− g(υ∗) .
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Examples. 1. SLS model

Let L(υ) be a log-likelihood function. Consider the MLE

υ̃ = argmax
υ

L(υ)

and the background truth

υ∗ = argmax
υ

EL(υ)

Stochastically linear smooth (SLS) models: EL(υ) is smooth in υ

and ζ(υ) = L(υ)−EL(υ) is linear in υ :

A = ∇ζ(υ) = ∇ζ.
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Examples. 2. Quadratic penalization

Let h(·) be concave and

υ∗ = argmaxh(υ).

Consider

g(υ) = h(υ)− ∥Gυ∥2/2,

f(υ) = h(υ)− ∥Gυ∥2/2 + ⟨G2υ∗,υ⟩, .

Then ∇f(υ∗) = 0 and υ∗ = argmax f(υ) .

g is a linear perturbation of f with A = −G2υ∗ .
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Examples. 3. Optimization

Let f be a concave function and

υ∗ = argmax f(υ).

Let also υ◦ be a current guess. Define

g(υ) = f(υ)− ⟨∇f(υ◦),υ − υ◦⟩.

Then ∇g(υ◦) = 0 and hence,

υ◦ = argmax g(υ).

g is a linear perturbation of f with A = ∇f(υ◦) .
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Quadratic function

Lemma

Let f(υ) be quadratic with ∇2f(υ) ≡ −F . If g(υ) satisfy (3), then

υ◦ − υ∗ = F
−1A, g(υ◦)− g(υ∗) =

1

2
∥F−1/2A∥2.

Proof. Clearly −∇2g(υ) ≡ −F and

∇g(υ∗)−∇g(υ◦) = F(υ◦ − υ∗).

Further, (3) and ∇f(υ∗) = 0 yield ∇g(υ∗) = A . Together with

∇g(υ◦) = 0 , this implies υ◦ − υ∗ = F−1A .

Taylor expansion of g at υ◦ yields by ∇g(υ◦) = 0

g(υ∗)− g(υ◦) = −1

2
∥F1/2(υ◦ − υ∗)∥2 = −1

2
∥F−1/2A∥2 .
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Conditions in terms of the third (resp. fourth) derivative

(T ∗
3 ) f(υ) is strongly concave, D2(υ) ≤ ∇2f(υ) , and

sup
u : ∥D(υ)u∥≤r

sup
z∈Rp

∣∣⟨∇3f(υ + u), z⊗3⟩
∣∣

∥D(υ)z∥3
≤ τ3 .

(T ∗
4 ) f(υ) is strongly concave, D2(υ) ≤ ∇2f(υ) , and

sup
u : ∥D(υ)u∥≤r

sup
z∈Rp

∣∣⟨∇4f(υ + u), z⊗4⟩
∣∣

∥D(υ)z∥4
≤ τ4 .

Banach’s characterization [Banach, 1938] yields under (T ∗
3 ) (resp (T ∗

4 ) )∣∣⟨∇3f(υ + u), z1 ⊗ z2 ⊗ z3⟩
∣∣ ≤ τ3∥D(υ)z1∥ ∥D(υ)z2∥ ∥D(υ)z3∥ .

∣∣⟨∇4f(υ + u), z1 ⊗ z2 ⊗ z3 ⊗ z4⟩
∣∣ ≤ τ4

4∏
k=1

∥D(υ)zk∥ .
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Expansion under third order smoothness

Proposition

Under (T ∗
3 )

−2τ3
3

∥F−1/2A∥3 ≤ 2g(υ◦)− 2g(υ∗)− ∥F−1/2A∥2

≤ τ3 ∥F−1/2A∥3 .
(4)

and

∥F1/2(υ◦ − υ∗ − F
−1A)∥ ≤ 3τ3

4
∥F−1/2A∥2 . (5)

Implies Newton – Kantorovich – Nemirovskii-Nesterov results about

quadratic convergence of second order methods.
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Proof

By (T ∗
3 ) and ∇f(υ∗) = 0 , for any υ ∈ A(r)∣∣∣f(υ∗)− f(υ)− 1

2
∥F1/2(υ − υ∗)∥2

∣∣∣ ≤ τ3
6
∥D(υ − υ∗)∥3

≤ τ3
6
∥F1/2(υ − υ∗)∥3. (6)

Further,

g(υ)− g(υ∗)− 1

2
∥F−1/2A∥2

=
〈
υ − υ∗,A

〉
+ f(υ)− f(υ∗)− 1

2
∥F−1/2A∥2

= −1

2

∥∥F1/2(υ − υ∗)− F
−1/2A

∥∥2 + f(υ)− f(υ∗) +
1

2
∥F1/2(υ − υ∗)∥2.
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Proof. cont

As υ◦ ∈ A(r) and it maximizes g(υ) , we derive by (6) and Lemma 5

g(υ◦)− g(υ∗)− 1

2
∥F−1/2A∥2 = max

υ∈A(r)

{
g(υ)− g(υ∗)− 1

2
∥F−1/2A∥2

}
≤ max

υ∈A(r)

{
−1

2

∥∥F1/2(υ − υ∗)− F
−1/2A

∥∥2 + τ3
6
∥F1/2(υ − υ∗)∥3

}
≤ τ3

2
∥F−1/2A∥3 .

Now (4) follows from this and

g(υ◦)− g(υ∗)− 1

2
∥F−1/2A∥2

≥ max
υ∈A(r)

{
−1

2

∥∥F1/2(υ − υ∗)− F
−1/2A

∥∥2 − τ3
6
∥F1/2(υ − υ∗)∥3

}
≥ −τ3

3
∥F−1/2A∥3 .
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Proof. cont

For proving (5) use that ∇f(υ∗) = 0 , ∇g(υ◦) = 0 ,

∇f(υ◦) = ∇g(υ◦)−A = −A , and −∇2f(υ∗) = F . By Lemma ??

with u = F−1A∥∥F−1/2{∇f(υ∗ + F
−1A) +A}

∥∥ ≤ τ3
2
∥F−1/2A∥2 .

Further, by (3)∥∥F−1/2∇g(υ∗ + F
−1A)

∥∥ =
∥∥F−1/2{∇g(υ∗ + F

−1A)−A+A}
∥∥

≤
∥∥F−1/2{∇f(υ∗ + F

−1A) +A}
∥∥ ≤ τ3

2
∥F−1/2A∥2.

By definition ∇g(υ◦) = 0 . This yields

∥F−1/2{∇g(υ∗ + F
−1A)−∇g(υ◦)}∥ ≤ τ3

2
∥F−1/2A∥2 . (7)
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Proof. cont

Now we can use with ∆ = υ∗ + F−1A− υ◦

F
−1/2{∇g(υ∗ + F

−1A)−∇g(υ◦)}

=

(∫ 1

0
F
−1/2∇2g(υ◦ + t∆)F−1/2 dt

)
F
1/2∆ .

By (3) ∇2g(υ) = ∇2f(υ) for all υ . If ∥F1/2(υ − υ∗)∥ ≤ r , then (T ∗
3 )

implies ∥F−1/2∇2f(υ)F−1/2 + Ip∥ ≤ ω+ ≤ τ3 r ≤ 1/3 . Hence,

∥F−1/2{∇g(υ∗ + F
−1A)−∇g(υ◦)}∥ ≥ (1− ω+)∥F1/2(υ◦ − υ∗ − F

−1A)∥ .

This and (7) yield

∥F1/2(υ◦ − υ∗ − F
−1A)∥ ≤ τ3

2(1− ω+)
∥F−1/2A∥2 ≤ 3τ3

4
∥F−1/2A∥2 ,

and (5) follows.
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A nice home exercise

Lemma

For any ξ ∈Rp with ∥ξ∥ ≤ 2r/3 and τ with τ r ≤ 1/2 , it holds

max
∥u∥≤r

(τ
3
∥u∥3 − ∥u− ξ∥2

)
≤ τ

2
∥ξ∥3 , (8)

min
∥u∥≤r

(τ
3
∥u∥3 + ∥u− ξ∥2

)
≤ τ

3
∥ξ∥3 . (9)
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Proof

Any maximizer u of the left hand-side of (8) satisfies

τ∥u∥1/2u− 2(u− ξ) = 0 .

Therefore, u = ρξ for some ρ , reducing the problem to the univariate case:

max
∥u∥≤r

(τ
3
∥u∥3 − ∥u− ξ∥2

)
= ∥ξ∥2 max

ρ : ∥ρξ∥≤r

(τ∥ξ∥
3

ρ3 − (ρ− 1)2
)
.

Define a = τ∥ξ∥ . The conditions ∥ξ∥ ≤ 2r/3 and τ r ≤ 1/2 imply

a ≤ 1/3 and ∥ρξ∥ ≤ r implies |ρ| ≤ 3/2 . The function

aρ3/3− (ρ− 1)2 is concave on the interval |ρ| ≤ 3/2 and hence, the

maximizer ρ fulfills aρ2 − 2ρ+ 2 = 0 yielding

ρ =
1±

√
1− 2a

a
, |ρ| ≤ 3/2.
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Proof. cont

As a ∈ [0, 1/3] , we can only use

ρa =
1−

√
1− 2a

a
=

2

1 +
√
1− 2a

, ρa − 1 =
2a

(1 +
√
1− 2a)2

.

Therefore,

max
∥u∥≤r

(τ
3
∥u∥3 − ∥u− ξ∥2

)
=

τ∥ξ∥3ρ3a
3

− ∥ξ∥2(ρa − 1)2

=
τ∥ξ∥3

3

8(1 +
√
1− 2a)− 12a

(1 +
√
1− 2a)4

≤ τ∥ξ∥3

3
max

a∈[0,1/3]

8(1 +
√
1− 2a)− 12a

(1 +
√
1− 2a)4

≤ τ∥ξ∥3

2
.

With y = 1 +
√
1− 2a or −2a = (y − 1)2 − 1 = y2 − 2y , represent

ϕ(a)
def
=

8(1 +
√
1− 2a)− 12a

(1 +
√
1− 2a)4

=
8y + 6y2 − 12y

y4
=

6y − 4

y3
,

and the latter decreases with y ≥ 1 . As ϕ(1/3) ≤ 3/2 , (8) follows.
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Proof. cont

The proof of (9) is similar. The general case can be reduced to the univariate

one by using u = ρξ . With a = τ∥ξ∥ , the minimizer ρa reads as

ρa =
2

1 +
√
1 + 2a

, 1− ρa =

√
1 + 2a− 1√
1 + 2a+ 1

=
2a

(
√
1 + 2a+ 1)2

,

yielding for a ∈ [0, 1/3]

min
∥u∥≤r

(τ
3
∥u∥3 + ∥u− ξ∥2

)
=

τ∥ξ∥3ρ3a
3

+ ∥ξ∥2(ρa − 1)2

≤ τ∥ξ∥3

3
max

a∈[0,1/3]

8(1 +
√
1 + 2a) + 12a

(1 +
√
1 + 2a)4

,

and with y = 1 +
√
1 + 2a or 2a = y2 − 2y ,

max
a∈[0,1/3]

8(1 +
√
1 + 2a) + 12a

(1 +
√
1 + 2a)4

≤ max
y≥2

8y + 6y2 − 12y

y4
= max

y≥2

6y − 4

y3
= 1.
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Fourth order approximation

Proposition

Assume the conditions of Proposition 1 and (T ∗
4 ) . Then

υ◦ = argmaxυ g(υ) satisfies ∥F1/2(υ◦ − υ∗)∥ ≤ r . With

a = F
−1{A+∇T (F−1A)}

it holds

∥F1/2(υ◦ − υ∗ − a)∥ ≤ τ4 + 3τ23
3

∥F−1A∥3 .

Also with ξ = F−1/2A∣∣∣g(υ◦)− g(υ∗)− ∥ξ∥2

2
− T (F−1A)

∣∣∣ ≤ τ4 + 7τ23
16

∥ξ∥4 + (τ4 + 3τ23 )
2

5
∥ξ∥6 . (10)
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Proof

W.l.o.g. assume υ∗ = 0 . It holds by (T ∗
3 )

∥F1/2a− ξ∥ = ∥F−1/2∇T (F−1A)∥

= sup
∥u∥=1

3
∣∣⟨T ,F−1A⊗ F

−1A⊗ F
−1/2u⟩

∣∣ ≤ τ3
2
∥ξ∥2 (11)

yielding by ∥ξ∥ ≤ ν r

∥F1/2a∥ ≤
(
1 +

τ3 ν r

2

)
∥ξ∥ . (12)

Similarly for any υ

∥F−1/2∇2T (F−1/2υ)F−1/2∥ ≤ τ3∥υ∥ .
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Proof

Furthermore, the tensor ∇2T (u) is linear in u and hence,

sup
t∈[0,1]

∥F−1/2∇2T (ta+ (1− t)F−1A)F−1/2∥

= max{∥F−1/2∇2T (F−1A)F−1/2∥, ∥F−1∇2T (a)∥}

≤ τ3 max{∥ξ∥, ∥F1/2a∥} .

Later we assume ∥F1/2a∥ ≥ ∥F−1A∥ in view of (12). This and (11) yield

∥F−1/2∇T (a)− F
−1/2∇T (F−1A)∥

≤ sup
t∈[0,1]

∥F−1/2∇2T (ta+ (1− t)A)F−1/2∥ ∥F1/2a− ξ)∥ ≤ τ23
2

∥F1/2a∥3 .

Further, in view of ∇T (a) = 1
2⟨∇

3f(υ∗),a⊗ a⟩∥∥F−1/2{∇f(a) + Fa−∇T (a)}
∥∥ ≤ τ4

6
∥F1/2a∥3 .
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Proof

Now we can bound the norm of F−1/2∇g(a) . In view of (3), it holds∥∥F−1/2∇g(a)
∥∥ =

∥∥F−1/2{∇g(a) + Fa−∇T (A)−A}
∥∥

≤
∥∥F−1/2{∇f(a) + Fa−∇T (a)}

∥∥+ ∥F−1/2{∇T (a)−∇T (A)}∥

≤ τ4 + 3τ23
6

∥F1/2a∥3.

By definition ∇g(υ◦) = 0 . This yields

∥F−1/2{∇g(a)−∇g(υ◦)}∥ ≤ τ4 + 3τ23
6

∥F1/2a∥3 . (13)

Furthermore, with ∆ = a− υ◦

F
−1/2{∇g(a)−∇g(υ◦)} =

(∫ 1

0
F
−1/2∇2g(υ◦ + t∆)F−1/2 dt

)
F
1/2∆ .
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Proof

By (3) ∇2g(υ) = ∇2f(υ) for all υ . If ∥F1/2(υ − υ∗)∥ ≤ r , then (T ∗
3 )

implies ∥F−1/2∇2f(υ)F−1/2 + Ip∥ ≤ ω+ with ω+ ≤ τ3 r ≤ 1/3 and

∥F−1/2{∇g(a)−∇g(υ◦)}∥ ≥ (1− τ3 r)∥F1/2(υ◦ − a)∥ .

This, (12), and (13) yield in view of τ3 r ≤ 1/3 and ν = 2/3

∥F1/2(υ◦ − a)∥ ≤ τ4 + 3τ23
6(1− τ3 r)

∥F1/2a∥3 ≤ τ4 + 3τ23
3

∥ξ∥3 . (14)
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Proof

It remains to bound g(υ◦)− g(0) . By (11)

1

2
∥ξ∥2 − ⟨A,a⟩+ 1

2
∥F1/2a∥2 =

1

2
∥F1/2a− ξ∥2 ≤ τ23

8
∥ξ∥4 .

First consider g(a)− g(0) . One more use of (T ∗
4 ) yields with υ∗ = 0

and −∇2f(0) = F∣∣∣g(a)− g(0)− 1

2
∥ξ∥2 − T (a)

∣∣∣
=

∣∣∣f(a)− f(0) + ⟨A,a⟩ − 1

2
∥ξ∥2 − T (a)

∣∣∣
≤

∣∣∣f(a)− f(0) +
1

2
∥F1/2a∥2 − T (a)

∣∣∣+ τ23
8
∥ξ∥4

≤ τ4
24

∥F1/2a∥4 + τ23
8
∥ξ∥4 ≤ τ4 + 2τ23

16
∥ξ∥4 .
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Proof

Also by ∇g(υ◦) = 0 and (14), it holds for some υ ∈ [a,υ◦] as in (14)

∣∣g(a)− g(υ◦)
∣∣ ≤ 1

2
∥F−1/2∇2g(υ)F−1/2∥ ∥F1/2(a− υ◦)∥2

≤ (τ4 + 3τ23 )
2

72(1− τ3 r)3
∥F1/2a∥6 < (τ4 + 3τ23 )

2

5
∥ξ∥6 ,

Moreover, similarly to (11)∣∣T (a)− T (F−1A)
∣∣ ≤ sup

t∈[0,1]

∥∥F−1/2∇T (tF−1A+ (1− t)a)
∥∥ ∥∥F1/2a− ξ

∣∣
≤ τ23

4
∥F1/2a∥2 ∥ξ∥2 ≤ 5τ23

16
∥ξ∥4 .

Summing up the obtained bounds yields (10).
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Quadratic penalization

Here we discuss the case when g(υ)− f(υ) is quadratic. The

general case can be reduced to the situation with

g(υ) = f(υ)− ∥Gυ∥2/2 . To make the dependence of G more

explicit, denote fG(υ)
def
= f(υ)− ∥Gυ∥2/2 ,

υ∗ = argmax
υ

f(υ),

υ∗
G = argmax

υ
fG(υ) = argmax

υ

{
f(υ)− ∥Gυ∥2/2

}
.

We study the bias υ∗
G − υ∗ induced by this penalization.
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Quadratic case

Lemma

Let f(υ) be quadratic with F ≡ −∇2f(υ) and SG ≡ G2υ∗ . Then

it holds with FG = F +G2

υ∗ − υ∗
G = F

−1
G SG = −F

−1
G G2υ∗,

fG(υ
∗
G)− fG(υ

∗) =
1

2
∥F−1/2

G SG∥2 =
1

2
∥F−1/2

G G2υ∗∥2 .
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Proof

Quadraticity of f(υ) implies quadraticity of fG(υ) with

∇2fG(υ) ≡ −FG and

∇fG(υ
∗)−∇fG(υ

∗
G) = FG (υ∗

G − υ∗).

Further, ∇f(υ∗) = 0 yielding ∇fG(υ
∗) = SG = G2υ∗ . Together

with ∇fG(υ
∗
G) = 0 , this implies υ∗ − υ∗

G = F
−1
G SG . The Taylor

expansion of fG at υ∗
G yields

fG(υ
∗)− fG(υ

∗
G) = −1

2
∥F1/2

G (υ∗ − υ∗
G)∥2 = −1

2
∥F−1/2

G SG∥2

and the assertion follows.
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A general case under (T ∗
3 )

Proposition

Let f be concave and υ∗ = argmaxυ f(υ) . Define SG = G2υ∗ ,

FG = −∇2f(υ∗) +G2 , bG = ∥F−1/2
G G2υ∗∥ = ∥F−1/2

G SG∥ .

With ν = 2/3 , assume (T ∗
3 ) for r = ν−1bG and D2 ≤ FG . Then

∥F1/2G (υ∗
G − υ∗)∥ ≤ ν−1 bG or, equivalently,

υ∗
G ∈ AG

def
= {υ : ∥F1/2G (υ − υ∗)∥ ≤ ν−1 bG}. (15)

Moreover, ∥∥F1/2G (υ∗ − υ∗
G)− F

−1/2
G SG

∥∥2 ≤ τ3 b
3
G ,∣∣2fG(υ∗

G)− 2fG(υ
∗)− b2G

∣∣ ≤ τ3 b
3
G .
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Proof

With SG = G2υ∗ , define gG(υ) by

gG(υ)− gG(υ
∗
G) = fG(υ)− fG(υ

∗
G) + ⟨SG,υ − υ∗

G⟩. (16)

The function fG is concave, the same holds for gG from (16). Now we

show that υ∗ = argmax gG(υ) . It suffices to check that

∇gG(υ
∗) = 0 . Indeed, by definition, ∇f(υ∗) = 0 , and hence,

∇fG(υ
∗) = −G2υ∗ + SG = 0 . Now the results follow from

Proposition 1 applied with f(υ) = gG(υ) = fG(υ)− ⟨A,υ⟩ ,

g(υ) = fG(υ) , and A = SG .
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Penalization bias under fourth-order smoothness

Define FG = −∇2f(υ∗) +G2 , SG = G2υ∗ , and

mG = F
−1
G {SG +∇T (F−1

G SG)}

with T (u) = 1
6
⟨∇3f(υ∗),u⊗3⟩ .

(T ∗
4 ) f(υ) is strongly concave, D2(υ) ≤ −∇2f(υ) , and

sup
u : ∥D(υ)u∥≤r

sup
z∈Rp

∣∣⟨∇4f(υ + u), z⊗4⟩
∣∣

∥D(υ)z∥4
≤ τ4 .

Typically τ3 ≍ n−1/2 and τ4 ≍ n−1 .
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An advanced bound

Proposition

Let f be concave and υ∗ = argmaxυ f(υ) . With ν = 2/3 , assume

(T ∗
3 ) and (T ∗

4 ) for r = rG
def
= ν−1bG and D2 ≤ FG . Then (15) holds.

Furthermore, ∥F1/2G mG∥ ≤ rG and

∥F1/2mG − F
−1/2
G SG∥ ≤ τ3

2
∥F−1/2

G SG∥2 ≤
τ3 ν rG

2
∥F−1/2

G SG∥,

∥F1/2mG∥ ≤
(
1 +

τ3 ν rG
2

)
∥F−1/2

G SG∥ ,

∥F1/2G (υ∗ − υ∗
G −mG)∥ ≤ τ4 + 3τ23

3
∥F−1/2

G SG∥3 .

Also ∣∣∣fG(υ∗
G)− fG(υ

∗)− 1

2
∥F−1/2

G SG∥2 − T (mG)
∣∣∣

≤ τ4 + 2τ23
16

∥F−1/2
G SG∥4 +

(τ4 + 3τ23 )
2

5
∥F−1/2

G SG∥6 .
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VI problem revisited

For X ∼ Pf ∝ ef(x) , consider

sx = EfX, Σ = Var(X), F = −∇2f(sx).

Consider

H(a, S)
def
= − log det(F−1/2 + S)−Ef(sx+ a+ (F−1/2 + S)γ),

(â, Ŝ)
def
= argmin

(a,S)

H(a, S) .

A guess (a, S) = (0, 0) . How far from the solution (â, Ŝ) ?

Technical issue: anisotropic smoothness in a and S directions.

Fix Z−1/2 = F−1/2 + S and optimize w.r.t. a .
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Score

For Z−1/2 = F−1/2 + S fixed, consider H(a) = H(a, S)

â
def
= argmin

a
H(a) = argmax

a
Ef(sx+ a+ Z

−1/2γ) .

Main step: compute A = ∇H(0) and F = −∇2H(0) .

A guess: F ≈ F = −∇2f(sx) , A ≈ 0 up to fourth order.
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Hessian

Fix a and consider

h(t) = −Ef(sx+ ta+ Z
−1/2γ).

Lemma

The function h(t) = H(ta) is strongly convex and satisfies

h′′(t) = −
〈
E∇2f(sx+ ta+ Z

−1/2 γ),a⊗2
〉
.

Concavity of f(·) implies convexity of h .
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Evaluating h′′(0)

Lemma

It holds with F = −∇2f(sx)

h′′(0) = −E ⟨∇2f(sx+ γZ),a
⊗2⟩ ,

and with p = tr(DF−1D) and α = ∥DF−1D∥

∣∣h′′(0)− a⊤
Fa

∣∣ ≤ τ4(p + 2α)

2
∥Da∥2 . (17)
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Proof

It holds

−⟨∇2f(sx),a⊗2⟩ = a⊤
Fa .

For any u ∈Rp ,∣∣−⟨∇2f(sx+ γZ),u
⊗2⟩+ ⟨∇2f(sx),u⊗2⟩+ ⟨∇3f(sx),γZ ⊗ u⊗2⟩

∣∣
≤ 1

2
τ4 ∥DγZ∥2 ∥Du∥2.

With p = tr(D2F−1)

E∥DγZ∥2 = p .

Further, E⟨∇3f(sx),γZ ⊗ a⊗2⟩ = 0 and (17) follows.
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First derivative

Define for any direction a

h(t) = −Ef(sx+ ta+ Z
−1/2 γ).

Lemma

It holds with p = tr(DF−1D) , α = ∥DF−1D∥ ,

∣∣h′(0)
∣∣ ≤ τ4 (p + α)3/2

6
∥Da∥+ ♢4,1

1−♢
∥Da∥ .
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Proof

With γZ = Z−1/2γ , Taylor expansion of ∇f(sx+ γZ) yields for any

u ∈Rp∣∣⟨∇f(sx+ γZ),u⟩ − ⟨∇f(sx),u⟩ − ⟨∇2f(sx),γZ ⊗ u⟩

−1

2
⟨∇3f(sx),γF ⊗ γZ ⊗ u⟩

∣∣ ≤ 1

6
τ4 ∥DγZ∥3 ∥Du∥ . (18)

Also by Laplace approximation∣∣∇f(sx),a⟩ − 1

2
E⟨∇3f(sx),γF ⊗ γF ⊗ a⟩

∣∣ ≤ ♢4,1

1−♢
∥Da∥ .

Now we apply (18) with u = a and E∥DγF∥3 ≤ (p + α)3/2 . The use of

E⟨∇2f(sx),γF ⊗ a⟩ = 0 yields

∣∣E ⟨∇f(sx+ Z
−1/2γ),a⟩

∣∣ ≤ τ4 (p + α)3/2

6
∥Da∥+ ♢4,1

1−♢
∥Da∥.
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Accuracy

Theorem (3-bound)

∥∥F1/2â− F
−1/2A

∥∥ ≤ τ3∥F−1/2A∥3

Theorem (4-bound)

∥∥F1/2â− F
−1/2A− F

−1/2∇T (F−1A)
∥∥ ≤ C(τ 23 + τ4)∥F−1/2A∥3 .
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Optimization vs sampling

Optimization: f(x) → min .

Sampling: X ∝ exp{−f(x) + log π(x)} for a sampling density π .

Sampling gradiet free procedure (1 step):

■ draw a mini-batch X1, . . . ,Xn from π ;

■ compute wi = e−f(Xi) ;

■ mini-batch averaging

sxπ =

∑n
i=1X iwi∑n
i=1wi

.

Update of π (EnKF, diffusion models, VAE, etc.), loop.

Issues: mini-batch size n , averaging over steps, rate ∥sxπ − sx∥ .
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