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Gaussian VI zf‘%}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);

2. Moments: @y, ~ E; X, Z;' = Var;(X).
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Gaussian VI zf‘%}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);
2. Moments: @y, ~ E; X, Z;' = Var;(X).

[Katsevich and Rigollet, 2023] argued for (2).
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Representation of the KL-divergence L‘Z‘ 6}

The VI approach assumes minimizing of the KL-divergence
JH (INg 7 || IPy) over all feasible x,Z . Here we rewrite this problem
in terms of local parameters a and S'.

Lemma

Forany x and any Z , it holds
1
H (Paz|| Py) = C + 5 logdet(Z ") - g —Ef(z +7,).

with C depending on f and p only.
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Representation of the KL-divergence

With C; % log [ e/@+W dy, and C, = (27) /2 forany u € RRP

aP
duf (x+u) =e of (@tu)

Dol (g 1 u) = Gy det(@!/2) o 127012,
u

This yields with v ~ N (0,Z~1) and v ~ N(0, I,)

AP, 2
dP;

-ZEw,Z IOg

1 1 _
= Cy+1logCp — Ef(z +7,) — 5 Blly|* - ; logdet(Z),

and the result follows in view of E||v||> =p.
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Z -vicinity

With F = —V?2f(Z), represent Z in the form
27 =F1248 o FYAZTVRRVA =, 4+ FYASEYY

A vicinity of F using Kullback-Leibler divergence ¢ (INz f || Nz z)

Lemma

Let Z7V/2 =F~Y/2 + S and U = FY/* SFY* fulfill |U|| < v < 1. Then
K (Nzf | Nez)

= —logdet(llp+ﬂ:1/4S[|:1/4)+%tr{[]: 1/2_|_S }

= —logdet(IL, —i—U)—i—trU—i—%tr(lFSz) ;tr([FSQ). (1)
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Proof %

For two Gaussian distributions IN r, IN; 7 with the same mean &
H (Ngzp || Ngz) = —{—logdet([FZ Y+ tr(Fz™! - Hp)}
= —logdet{F'?(F> + 9)} + 3 tr{[F([F’l/2 +5)? - I}
= —logdet(I, + U) + %tr([FS2 + 2F'/25)

and (1) follows by = — log(1 +x) > 0 forany z > —1.
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VI as optimization problem ‘,‘Z‘ ‘*j

Consider symmetric matrices S € 901, such that for some v < 1
[F/*SEV4 < w. (2)
With v ~ N(0,1I,), a € RP, and S € M, satisfying (2), define
H(a,S) ¥ —logdet(F/2 + 8) — Ef(Z +a+ (F 2+ S)y),

(@, S) & argmin H (a, S) .
(a,5)

Then the VI problem leads to minimization of the function H (a, S) :

(3,2) def argmin % (P z || IPy) = (:T: +a, ([F_l/2 + §)—2).
(2,2)
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A linear perturbation L‘Z: 6}

Let f(v) be a smooth concave function,

v* = argmax f(v), F=—-Vf(v*).

v

Let another function g(v) satisfy for some vector A

g(v) — g(v") = (v —v", A) + f(v) = f(v"). (3)
Define
0o M argmax glv), gv°) = mgxg(v).

Aim: evaluate the quantities v° — v* and g(v°) — g(v*).
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Examples. 1. SLS model Zf‘%}

Let L(v) be a log-likelihood function. Consider the MLE
v = argmax L(v)
v
and the background truth
v* = argmax [EL(v)
v
Stochastically linear smooth (SLS) models: IEL(v) is smooth in v

and ((v) = L(v) — IEL(v) islinearin v:

A = V((v) = V(.

Gaussian Variational Inference - 10. Oktober 2024 - Seite 12 (52) %



Examples. 2. Quadratic penalization ‘éj

Let A(-) be concave and

v* = argmax h(v).

Consider

h(v) = [|Gol*/2,
h(v) = |Go|*/2 + (G*v", v),

g(v)
f(v)

Then V f(v*) =0 and v* = argmax f(v).

g is a linear perturbation of f with A = —G?v*.
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Examples. 3. Optimization Zf‘&g
Let f be a concave function and
v* = argmax f(v).

Let also v° be a current guess. Define
g(v) = f(v) = (Vf(v"), v —v°).
Then Vg(v°) = 0 and hence,

v° = argmax g(v).

g is alinear perturbation of f with A =V f(v°).
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&y

Quadratic function

Lemma

Let f(v) be quadratic with V? f(v) = —F . If g(v) satisfy (3), then

1
v v =FA, g(v°) —g(v) = §||[F_1/2A||2-

Proof. Clearly —V?¢g(v) = —F and
Vg(v*) — Vg(v°) = F(v° — v).

Further, (3) and V f(v*) = 0 yield Vg(v*) = A . Together with
Vg(v°) = 0, this implies v° —v* =F 'A.
Taylor expansion of g at v° yields by Vg(v°) =0

k o 1 [¢] * 1 —
g(v") —g(v°) = —§||[F1/2(’U — )P =—3IF AP
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Conditions in terms of the third (resp. fourth) derivative ‘,‘; iéj

(75°) f(v) is strongly concave, D?(v) < V2f(v), and

v W]
< 73.
u: |D(v)ul<r zeRP [D(v)z]3
(T7) f(v) is strongly concave, D*(v) < V2f(v), and
v W]
<74
u: [|[D(v)u||<r zeRP ||[D(’U)Z||4

Banach’s characterization [Banach, 1938] yields under (73*) (resp (7;°))

(VEf(v +u), 21 ® 22 ® 23)| < 73] D(v)21] [|D(v)22]| [ID(v)23]] -

4
‘(V4f(v tu),z21 020230 24)| < 7y H ID(v)zg]| -
k=1
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Expansion under third order smoothness

Proposition

Under (T3*)

27' . _
FEPAPP < 29(0°) - 29(0") — [F2 A "
<3 ||[F‘1/2A||3.
and
3
IF2(° —o* —F4)| < 2[F24)7. (5)

Implies Newton — Kantorovich — Nemirovskii-Nesterov results about
quadratic convergence of second order methods.
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Proof

By (73°) and Vf(v*) =0, forany v € A(r)

f?) = f(v) = %H[Fl/?(v -] < %HD(U —v)IP

IN

T3 "
SIF @ =),
Further,
* 1 —1/2 4112
9(v) —g(v") = S[IF~ /7 A

— (v v )+ f(0) - f(07) - 5 [F AP

= —%HP/Q(U — v —F2A|° + fv) - fo) + %H[FUQ(U -

(6)

v,
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Proof. cont

As v° € A(r) and it maximizes g(v), we derive by (6) and Lemma 5

9(v°) — gv") — SIF AP = max Lo(w) — gv") — SIF 24}

veEA(r)

1 _ 2 T3
< CFY2 (0 — ot —F-12A T3 1FL/2
< vréljfi){ 2H (v—v7) "+ o 7 (v
T3 _
< 5 IIF 2A|8.

Now (4) follows from this and

e] * 1 —
9(v°) = g(v") = 5|IF AP

_} 12/, %\ r—1/2 4112 _ T3 1/2
> max){ 2H[F (v—v") —F'2A| 6H[F (v

vEA(r

> -2 [F A,

v}

v}

Gaussian Variational Inference - 10. Oktober 2024 - Seite 19 (52)



Proof. cont

For proving (5) use that V f(v*) =0, Vg(v°) =0,
Vf(v°) =Vg(v°) — A=—A,and —V2f(v*) = F.ByLemma ??
with u =F 1A

[F2{Vf(v" +F1A) + A} < %||[F_1/2A||2.
Further, by (3)
[F12Vg(v* + F1A)| = |[F /2 {Vg(v* +F'A) — A+ A}
< [[F YV (0 +FA) + AY| < %H[F‘VQAHQ.
By definiton Vg(v°) = 0. This yields

— * _ ° T _
IF2{Vg(v" +F 1 A) = Vg(v°)}] < gHF AP
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Proof. cont L‘Z: : 6 j

Now we can use with A = v* + F1A — v°
F/2{Vg(v* +FA) — Vg(v°)}

1
= (/ F12V2g(v° 4 tA) F1/2 dt> F'/2A.
0
By (3) V2g(v) = V2f(v) forall v.If |[FY/2(v —v*)|| < r,then (T3)
implies |[F~1/2V2f(v)F~Y/2 + I,|| < wt < 131 < 1/3. Hence,

[F2{Vg(0" +EA) ~ V)] > (1 - wh)[F2" — " ~FA)].

This and (7) yield

373

IFY2(0° —o" —F14)| < 1A < =2 IF2A) 2,

T3
2(1 —wt)

and (5) follows.
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A nice home exercise L‘Z‘ 6}

Lemma

Forany £ € IRP with ||€|| < 2r/3 and T with T < 1/2, it holds

3 _ £2 T e

max (llul* — &) < 3 &P, ®
3 3

min (Tl +lu—€J°) < 7 €l ©

\
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Proof

Any maximizer u of the left hand-side of (8) satisfies
Tllulu - 2(u - €) =

Therefore, u = p& for some p, reducing the problem to the univariate case:

Tl€l 5 2
max (Zlul® = u—¢€I7) = 17 max (T2 = (p—1)?).
l[ul<r p: llpgl<z\ 3

Define a = 7||&|| . The conditions ||&|| < 2r/3 and 7r < 1/2 imply

a <1/3 and [|p€|| < r implies |p| < 3/2. The function

ap®/3 — (p — 1)? is concave on the interval |p| < 3/2 and hence, the
maximizer p fulfills ap® — 2p +2 = 0 yielding

1++v1—-2a
e N EL .
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Proof. cont %
As a € [0,1/3], we can only use
_1—=v1—-2a 2 1= 2a
Pa = a Tiivicaa T T U+ vioap

Therefore,

T 3
max<f||u|\3 lu — §||> Hg” — 1€ (pa — 1)?

| <z
_ T)€l? 8(1 4+ V1 —2a) — 12a - 7'||£||3 e 8(1++/1—2a) —12a
3 (1+vVI—2a)* ~ 3 acoi/s (1++1I-2a)

With y =1+ /1 —2a or —2a = (y — 1)? — 1 = y? — 2y, represent

o )def 8(1++1—2a)—12a Sy+6y>—12y 6y —4
a) = = — ’
(1++/1—2a)* Y4 y3

and the latter decreases with y > 1. As ¢(1/3) < 3/2, (8) follows.
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Proof. cont

The proof of (9) is similar. The general case can be reduced to the univariate
one by using u = p€ . With a = 7||€||, the minimizer p, reads as

B 2 . Vit2a—-1 2a
Pe e /Tt2a Po= Sitoa+1 (VI+2a+1)?

yielding for a € [0, 1/3]

T 3
min (Tl + o — €12) = T2 4 e, 1y

[ull<r \ 3

Tl L 80+ VIF20) +12
— 3 ae01/3 (14+VI+2a)r

and with y = 1 + /1 + 2a or 2a =y — 2y,

8(1++/1+2a)+ 12a < 8y + 6y% — 12y 6y — 4
max max ——— = Imax
acl0,1/3)  (1+V1+2a)% = y>2 yt y>2 3
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Fourth order approximation

Proposition

Assume the conditions of Proposition 1 and (T,*) . Then
v° = argmax,, g(v) satisfies ||F/2(v° —v*)|| < r. With

a=F'"{A+VT([F'A)}
it holds

o * 7'4+37'2 _
IF/2(v° — v* - a)|| < T:SH[F A%
Also with € =F~1/2A

T4 + 77'3?
16

(14 + 37'3)

oy * _w_ -1 4 6
9(v°) —g(v") = 5= -T({EA)| < €1 + 1€1° -
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Proof

W.l.o.g. assume v* = 0. It holds by (73*)

IF'2a — || = [F~/2VT(FA)|

= sup BT FlA@F A0F !/ 2u)| < D¢’
Jul=1

yielding by [[€]| < vr

ERZEY
IF2all < (14 225 lgll-

Similarly for any v

=12 2T (F20) FY2) < mfol].

(11)

(12)
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Proof %
Furthermore, the tensor V2T(u) is linear in u and hence,

sup |[F~Y2 V2T (ta+ (1 —t)F LAY F /2|
t€[0,1]

= max{||[F~/2 V*T(FA)F 2|, [F'V*T (a) ||}
< 73 max{|[£], [F'/?al|}
Later we assume ||F'/2al| > |[F~'A|| in view of (12). This and (11) yield

IF~Y2VT(a) —F 2T (FA)|

2
_ _ T
< SFP]H[F V2T (ta+ (1 - ) A)F 2| [[F'2a - ¢)|| < g?’H[Fl/QaH3
telo0,1

Further, in view of VT (a) = 2(V3f(v*),a ® a)

[F/2(Vf(a) +Fa — VT(a)}]| < 22|F"/al’.
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Proof %
Now we can bound the norm of F~'/2Vg(a) . In view of (3), it holds
[F=2Vg(a)| = [[F7/*{Vg(a) + Fa — VT (A) — A}]|
[F=72{V f(a) + Fa = VT(@)}|| + [[F~/*{VT(a) - VT(A)}]

IN

IN

By definition Vg(v°) = 0. This yields
2
F-/2(g(a) - V(o)) < T E et a9

Furthermore, with A = a — v°

1
F-/%{Vg(a) — Vg(v°)} = </ F1/292g(v° 4+ tA)F~1/2 dt> F'/2A.
0
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Proof Zf‘%}

By (3) V2g(v) = V2f(v) forall v.If |[FY/2(v —v*)|| < r,then (T3)
implies |[F~Y/2V2f(v)F~ Y2 + I,|| < w?t with w™ < m3r < 1/3 and

IF~1/2{Vg(a) = Vg(v°)}|| > (1 — 7 1)|[F/*(v° —a)||.
This, (12), and (13) yield in view of 73 < 1/3 and v = 2/3

1/2
P2 - a) < gt ’

H€H3 (14)
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Proof %

It remains to bound g(v°) — ¢(0). By (11)
L o 1, 4 1 2
Liel? = (A, a) + L[FY2a)? = LjF2a — g2 < i)t
JIEI? — (A,a) + SIF2al? = JFY2a — ] < e

First consider g(a) — g(0) . One more use of (7;*) yields with v* =0
and —V2f(0)=F

l9(a) — 9(0) — 5] ~ T(a)
= |£(@) ~ 0) + (4,0) - 1P - T(a)
7_2
< |f(@) ~ 70) + 5IF2a)? — T(a)| + 2]
T4 +

2 2
T4 172, 114, T3 4 273 4
2IF + 3 <2 =3 ,

IN
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Proof
Also by Vg(v°) = 0 and (14), it holds for some v € [a,v°] asin (14)

1
SIF 229 (0) F2) [F2(a — o7) )7

| A

|9(a) — g(v°)|

(124 + 373)

T4 + 3T
< St I psrage < PEIBE ey,

Moreover, similarly to (11)

T (a) = T(FA)|

IN

t€0,1]

IN

T2 572
Z?’II[FI/QGII2 €% < =2 €]l

Summing up the obtained bounds yields (10).

sup ||F~ V2OTUF A+ (1 - ta)| H[F1/2a

_£|
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Quadratic penalization

Here we discuss the case when g(v) — f(v) is quadratic. The
general case can be reduced to the situation with
g(v) = f(v) — ||Gv||*/2 . To make the dependence of G more

explicit, denote f(v) def flv) —||Gvl]?/2,

v* = argmax f(v),

v

v = argmax fg(v) = arglrjnax{f(v) — ||Gv||*/2}.

v

We study the bias v, — v™* induced by this penalization.
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Quadratic case zf‘é'}

Lemma

Let f(v) be quadratic with F = —V?f(v) and Sg = G*v* . Then
it holds with Fe; = F 4 G?

F;'Se = —F;'G*v,

v* —vg

* * 1 —1/2 1 —1/2 *
fo(wg) = fe(w") = 5IIF6"*Scl = 5 [IFg" G|
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Proof %

Quadraticity of f(v) implies quadraticity of fo(v) with
V2fq(v) = —Fg and

Via(v") = Via(vg) = Fo (vg — 7).
Further, Vf(v*) = 0 yielding V fo(v*) = S = G*v* . Together

with V fa(vg) = 0, this implies v* — v, = F;' S . The Taylor
expansion of fo at v, yields

* * 1 * * 1 -
fo(v") = fo(vg) = —5lIFd*(v" = vg) P = =5 IF" Sl

and the assertion follows.
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A general case under (73")

Proposition

| *

Let f be concave and v* = argmax,, f(v). Define S¢ = G?v*,
* -1/2 " -1/2
¢ = -VA() +G?, bg=[F;"? G| = |F;"? Sel.

With v = 2/3, assume (T3") for r = v~ b and D? < F¢; . Then
||[Fé;/2(’UE —v")|| < v~ tbg or, equivalently,

vg € Ag = {v: [F*(v - v*)| < v be}. (15)
Moreover,
H[Fl/z *vl) — [Fa1/2SGH2 < 1 bgéy
12fc(vE) — 2fa(v*) — bg| < T3bY;.
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Proof %

With S = G*v*, define go(v) by

9c(v) — ga(vg) = fa(v) — fa(vg) + (Sa, v —vg). (16)

The function f is concave, the same holds for g from (16). Now we
show that v* = argmax gg(v) . It suffices to check that

Vge(v*) = 0. Indeed, by definition, V f(v*) = 0, and hence,
Vfe(v*) = —G*v* + S = 0. Now the results follow from
Proposition 1 applied with f(v) = gg(v) = fa(v) — (A, v),

g(v) = fe(v),and A =Sg;.
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Penalization bias under fourth-order smoothness L‘ijé‘}

Define F = —V2f(v*) + G*, S¢ = G*v*, and
meg =F;' {Sc+ VT(F;'Sq)}
with 7 (u) = ¢(V? f(v*), u®?).
(T;) f(v) is strongly concave, D*(v) < —V?f(v), and

(V! (v +u), 2%

sup sup < 7.
w: |D(v)ul|<r zeRP |D(v)z][4
Typically 75 < n~"/2 and 7, < n~'.
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An advanced bound ”j

Let f be concave and v* = argmax,, f(v). With v = 2/3, assume

(T3) and (T7) forr =1 < v~ 1bg and D? < F . Then (15) holds.

1/2

Furthermore, ||F~ "mg|| < rg and

_ _ T3 UVY _
IF?me — ;' /2Sq) < 2 SIS S6l < 22 15" Scll,

T3V rQg

IFY2mg]| < (1+ )H[F‘WSGH

*

H[F1/2

3
L (U T4 + 7'3

—1/2
5 IFGSel®.

—vg —mg| <

A0 | folw) ~ falo) - SIFG2SalP ~ T(ma)|

(14 + 37'3?)2
5

+272 _
S %HFGUQSGHAI"F

—1/2
IF; 2 Sq|°.
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Outline

El Solution to VI problem
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VI problem revisited
For X ~ Py e/(®)  consider

z=E;X, ¥X=Va(X), F=-Vif(z).

Consider

H(a,S) ¥ —logdet(F 2+ ) — Ef(Z +a+ (F >+ S)y),
(@, S) ¢ argmin H(a,S).
(a,5)
Aguess (a,S) = (0,0) . How far from the solution (@, S)?

Technical issue: anisotropic smoothness in a and S directions.
Fix Z~'/2 = F~'/2 + S and optimize w.r.t. a.
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Score %

For Z~Y/? = F~Y/2 + S fixed, consider H(a) = H(a, S)

a ¥ argmin H(a) = argmax Ef(Z 4+ a + Z/?~) .

a

—

Main step: compute A = VH(0) and % = —V2H(0).

Aguess: .Z ~F = —V?f(z), A~ 0 up to fourth order.
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Hessian %

Fix a and consider

h(t) = —Ef(x +ta+Z *y).

Lemma

The function h(t) = H(ta) is strongly convex and satisfies

W'(t) = —(EVf(Z +ta+2Z*v),a%?).

Concavity of f(-) implies convexity of /.
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Evaluating h" (0) %

Lemma
It holds with F = —V2 f(Z)

h'(0) = —~E(V*f(Z +72),a™),
and with p = tr(DF'D) and o = |DF'D||

" T 7‘4(p—|—20é)
|W'(0) — a'Fa| < T a—

|Dal?. (17)
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Proof

It holds

Forany u € IR?,

(V2@ +72), ) + (V2] (@), u2) + (V] (@), 7, © )|
< 57Dz | Dl
With p = tr(D?F 1)
B|D, | =

Further, E(V3f(Z),v; ® a®?) = 0 and (17) follows.
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First derivative x? 4 6 j

Define for any direction a

ht) = —Ef(z +ta+2Z?~).

Lemma

It holds with p = tr(DF'D), a = |DF~

Qa1

| (p—i—Oz)

(0) :

IPaf + = IDal.
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Proof %

With v, = Z‘l/Q'y , Taylor expansion of V f(& + -y;) yields for any
u € IRP
(V@ +7z),u) = (VF(@),u) — (V2f(Z),7; @ u)

1
—§<V3f( ), 7 ©7z @ u)| < -7 [Py | IDull. (18)

CT:M—!

Also by Laplace approximation

<>41

_ 1
V@), a) - BV (@), 7 v @ a)] < 5 o IDall.
Now we apply (18) with u = a and E||D~¢|]* < (p + a)3/2 . The use of
E(V2f(Z),vf ® a) = 0 yields

74 (p + a)3/? Qa

6

|E(Vf(@+Z?y).a) < IPall + 7 IIDall
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Accuracy

Theorem (3-bound)

|F%a —F'2A|| < rllF2A)°

Theorem (4-bound)

|F'/%a —F A —F'2VT(FA)|| < ¢(73 + m)IF/2A|P.

\
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Outline

1 Optimization vs sampling
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Optimization vs sampling ‘»‘Zx 6}

Optimization: f(x) — min.
Sampling: X o< exp{—f(x) + log ()} for a sampling density 7.

Sampling gradiet free procedure (1 step):
B draw a mini-batch X¢,..., X, from 7;
B compute w; = e /(Xi);

B mini-batch averaging

Update of m (EnKEF, diffusion models, VAE, etc.), loop.

Issues: mini-batch size n, averaging over steps, rate ||z, — || .
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