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Gratient-free algorithms

We consider a convex optimization problem

min
x∈Q⊆Rd

f(x)

Question

When should gradient-free algorithms be used?
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f(x)

Question

When should gradient-free algorithms be used?

Approaches for creating randomized gradient-free methods

Non-smooth case
Smoothing scheme with l1 randomization
Smoothing scheme with l2 randomization

Smooth case
l1 randomization
l2 randomization

Case with increased smoothness
Kernel-based approximation
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Gratient-free algorithms

We consider a convex optimization problem

min
x∈Q⊆Rd

f(x)

Question

When should gradient-free algorithms be used?

Optimality criteria

1 Number of oracle calls: T

2 Number of consecutive method iterations: N

3 Maximum allowable noise level ∆
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Motivation to find the maximum noise level

Figure: Resource saving Figure: Robustness to attacks Figure: Confidentiality

1 Resource Saving. The more accurately the objective function value is calculated, the
more expensive this process to be performed.

2 Robustness to Attacks. Improving the maximum noise level makes the algorithm more
robust to adversarial attacks.

3 Confidentiality. Some companies, due to secrecy, can’t hand over all the information.
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Assumptions on the Objective Function

Problem Formulation

We study a standard convex optimization problem:

min
x∈Q⊆Rd

f(x)

where f : Rd → R convex function that we want to minimize on the convex set Q.

Assumption. (Higher order smoothness)

Let l denote maximal integer number strictly less than β. Let Fβ(L) denote the set of all
functions f : Rd → R which are differentiable l times and ∀x, z ∈ Q the Hölder-type condition:∣∣∣∣∣∣f(z)−

∑
0≤|n|≤l

1

n!
Dnf(x)(z − x)n

∣∣∣∣∣∣ ≤ Lβ ∥z − x∥β ,

where Lβ > 0, the sum is over multi-index n = (n1, ..., nd) ∈ Nd, we used the notation
n! = n1! · · ·nd!, |n| = n1 + · · ·+ nd, and ∀v = (v1, ..., vd) ∈ Rd we defined

Dnf(x)vn = ∂|n|f(x)
∂n1x1···∂ndxd

vn1
1 · · · vnd

d .
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Assumptions on the Zero-Order Oracle

Zero-order oracle

We assume that the oracle f̃ can only return the function value f(x) at the requested point x
with some stochastic noise ξ:

f̃ = f(x) + ξ.

Assumption. (Stochastic noise)

We assume that the following holds

ξ1 ̸= ξ2 such that E[ξ21 ] ≤ ∆2 and E[ξ22 ] ≤ ∆2, ∆ ≥ 0 is level noise;

the random variables ξ1 and ξ2 are independent from e and r.

Gradient approximation with one point feedback

g(x, e) = d
f(x+ hre) + ξ1 − f(x− hre)− ξ2

2h
K(r)e.
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Assumptions on the Gradient Approximation

Definition. (Kernel Approximation)

g(x, e) = d
f(x+ hre) + ξ1 − f(x− hre)− ξ2

2h
K(r)e.

where h > 0 is a smoothing parameter, e ∈ Sd
2(1) is a vector uniformly distributed on the

Euclidean unit sphere, r is a random value uniformly distributed on the interval r ∈ [0, 1].

Assumption. (Kernel function)

Let K : [−1, 1] → R is a kernel function that satisfies

E[K(u)] = 0, E[uK(u)] = 1,

E[ujK(u)] = 0, j = 2, ..., l, E[|u|β|K(u)|] < ∞.

Example of Kernel function

A weighted sum of Legendre polynoms is an example of such kernels.
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Background

References Iteration Complexity Maximum Noise Level

Bach, Perchet (2016) [1] O
(

d
2+ 2

β−1∆2

ε
2+ 2

β−1

)
✗

Novitskii, Gasnikov (2020) [2] Õ
(

d
1+ 1

β−1∆2

ε
2+ 2

β−1

)
✗

Akhavan, Chzhen, Pontil, Tsybakov (2023) [3] Õ
(

d2∆2

ε
2+ 2

β−1

)
✗

Is estimation on iteration complexity unimprovable?

What is the maximum noise level that can be taken?
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Problem Statement and Main Assumptions

Problem Statement

We reformulate the initial optimization problem as follows:

f∗ = min
x∈Q⊆Rd

{f(x) := E [f(x, ξ)]} .

Assumption (Convexity)

Function f is convex if it holds

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩ , ∀x, y ∈ Q.

Assumption (L-smooth)

Function f is L-smooth if it holds

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2
∥y − x∥2 , ∀x, y ∈ Q.
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Gradient Oracle and Assumptions

Definition (Biased Gradient Oracle)

A map g : Rd × D → Rd s.t.

g(x, ξ) = ∇f(x, ξ) + b(x)

for a bias b : Rd → Rd and unbiased stochastic gradient E [∇f(x, ξ)] = ∇f(x).

Assumption (Bounded bias)

There exists constant δ ≥ 0 s.t. ∀x ∈ Rd

∥b(x)∥ = ∥E [g(x, ξ)]−∇f(x)∥ ≤ δ.

Assumption (Bounded noise)

There exists constants ρ, σ2 ≥ 0 such that the more general condition of strong growth is
satisfied ∀x ∈ Rd

E
[
∥g(x, ξ)∥2

]
≤ ρ ∥∇f(x)∥2 + σ2.
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Generalization of convergence results to the biased oracle

Convergence of the accelerated algorithms [4]

E [f(xN )]− f∗ ≲
ρ2LR2

N2
+

Nσ2

ρ2L

Figure: Case without bias

Figure: Case with bias
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Generalization of convergence results to the biased oracle

Convergence of the accelerated algorithms (with biased gradient oracle) [Our result]

E [f(xN )]− f∗ ≲
ρ2BLR

2

N2
+

Nσ2

ρ2BLB
+ δR̃︸︷︷︸

③

+
N

L
δ2︸︷︷︸

④

.

Figure: Case without bias Figure: Case with bias
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Zero-Order Accelerated Stochastic Gradient Descent
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Finding the bias of the gradient approximation

The bias of the gradient approximation [3]

∥b(x)∥ = ∥E [g(xk, e)]−∇f(xk)∥ ≲ κβLh
β−1.

Second moment of gradient approximation [3]

E
[
∥g(xk, e)∥2

]
≤ 4dκ︸︷︷︸

ρ

∥∇f(xk)∥2 + 4dκL2h2 +
κd2∆2

h2︸ ︷︷ ︸
σ2

Convergence of the gradient-free algorithm

E [f(xN )]− f∗ ≲
ρ2BLR

2

N2︸ ︷︷ ︸
①

+
NdκL2h2

ρ2BLB︸ ︷︷ ︸
②

+
Nκd2∆2

h2ρ2BLB︸ ︷︷ ︸
③

+ R̃κβLβh
β−1︸ ︷︷ ︸

④

+
Nκ2βL

2
βh

2(β−1)

L︸ ︷︷ ︸
⑤

.
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Main Theorem
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Experiments

Function for the minimization problem

f(w) := −y log

[
1

1 + exp
(
−wTX

)]+ (1− y) log

[
1−

1

1 + exp
(
−wTX

)] .
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number of iterations
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f(x
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Useful links

Where were the materials sourced from?

Smooth optimization problem (β ≥ 2)
The “Black-Box” Optimization Problem: Zero-Order Accelerated Stochastic Method via
Kernel Approximation
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https://arxiv.org/pdf/2310.02371
https://arxiv.org/pdf/2310.02371


Thank you for your attention!

Figure: Contact Alexander Gasnikov Figure: Contact Aleksandr Lobanov

Figure: Contact Aleksandr Lobanov
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