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Stochastic minimization problem

» Consider the strongly convex minimization problem, which admits a

unique solution #*
f(0) — min . 1
() GE]IRrL (1)

» The access to V£ (#) is available only through the (unbiased) noisy
observations VF(6,&), where £ is a random variable on (Z, Z).

> We solve the problem (1) using the SGD with constant step size v,
starting from initial distribution v:

0 =00 —AVFOD) 6i1), b0~ (2)

where & is a sequence of i.i.d. random variables.

» Define noise function as
ex(0) = VF(9,&) — VI(6), (3)

and noise covariance matrix as ¥ = E[VF(6*,£)%?]
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Polyak-Ruppert averaged estimator

Consider the Polyak-Ruppert averaged estimator
2n

g = 1 S o) ()

n
k=n+1

» Under appropriate assumptions on f and v,
V(Ongn — 0*) S N0, HIZEH™Y), 0= oo, (5)
where H = V2f(6*); e.g. Fort [2015]).
» We examine the mean-squared error bounds in the following form:

—_ T Hflz*Hfl
B[ — 0¥P] < YO HEEHTE | C(F,9) (6)

nl/2 qiars T

» The goal of the work is to obtain the result in the form (6) with the
best possible constant 4.
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Related works: Polyak-Ruppert averaged estimator

» Previous studies considered decreasing step size in the dynamics (2):

» In Moulines and Bach [2011] for strongly convex functions it was
shown that

Tr(H TxzH 1)

E1/2 én _ 9* 2 <
[l 7= NG

+ O(n—7/12)

» Gadat and Panloup [2023] improved the result of Moulines and Bach
[2011] and for a certain class of functions f, including strongly convex
functions it was shown that

Tr(H 1x:tH 1)

E1/2 5,,70* 21 <
110 =071 £ Y=

+ O(n~%/®)
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Analysis of SGD: Assumptions on function f
Assumption Al

The function f is p-strongly convex on RY, that is, it is continuously
differentiable and there exists a constant u > 0, such that for any
6,0’ € RY, it holds that

Lllo— 6117 < £(8) — F(6) = (VF(6/),0 - ¢/). (7)

Assumption A2

The function f is 4 times continuously differentiable and Ly-smooth on
RY je., itis continuously differentiable and there is a constant L, > 0,
such that for any 0,60’ € R,

IV£(0) = V@) < L2]|0 — 0| . (8)
Moreover, f has uniformly bounded 3-rd and 4-th derivatives, such that

IVIF(0)|| <L, foric {3,4}. (9)
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Analysis of SGD: Assumptions on the noisy gradient VF

Assumption A3(p)

{&k }ken is a sequence of independent and identically distributed (i.i.d.)
random variables with distribution ¢, such that &; and 6 are
independent and for any # € R it holds that

Eep [VF(0,8)] = VI(0).

Moreover, there exists 7,, such that EY/P[||VF(6*,€)||P] < 7, and for
any g = 2,...,p it holds with some L; > 0 that for any 61,6, € RY,
LI 161 — 62]|972(VF(61) — VF(62), 01 — 62)
> Beur [IVF(81,€) — VF(6:,€)19.  (10)

Note that, A3(p) generalizes the well-known L;-co-coercivity assumption,
see Dieuleveut et al. [2020b]. A sufficient condition is to assume that
F(0,€) is P¢-a.s. convex with respect to 6 € R?.
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Kantorovich - Wasserstein distance

Definition

The function ¢ : Z x Z — R is called distance-like if it is symmetric,
lower semi-continuous and ¢(x,y) = 0 if and only if x = y.

Definition
For two probability measures £ and £’ we denote by €(&,&’) the set of

couplings of two probability measures, that is, for any C € €'(£,£’) and
any A € Z it holds C(Z x A) = ¢’(A) and C(A x Z) = £(A). We define

W.(&, &) Ce?(gg )foZ z,72')C(dz,dZ’). (11)
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Analysis of SGD: Bias

» Under assumptions A1-A3(2) the sequence {O(k”’)}keN is a homogeneous

Markov chain with the Markov kernel
Q+(0,A) = / 1a(0 — yVF(0,2))Pe(dz), 6€R?, AeB(RY); (12)
RrRd
see Dieuleveut et al. [2020a].
» Introduce distance-like function
c(0,0") =110 = 0'l1(1[6 = 6" + 110" = 6" [| + c0v"'?). (13)

where we set ¢ = 2327, /pu'/?
Lemma 1

Assume A1-A3(2). Then, for any v € (0; 5-] the Markov kernel Q. admits a
unique invariant probability measure 7. Moreover, for all § € R? and k € N

k k/m(~) log 4
We(vQq, my) < 4(1/2) " We(v, my), where m(y) = [2——=—]  (14)
TH

» However, unless the function f is quadratic,
Er [0] # 6.
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Analysis of SGD: Bias

» We consider the following condition.

Assumption C1(p)

There exist constants Diast,p, Cstep,p = 2 depending only on p, such that for any
step size v € (0,1/(L Cetep,p)], and any initial distribution v it holds that

/P16 = 0717) < (1= 9) B/? (160 — 0°[1°] + Duastpr75/1- (15)
Moreover, for the stationary distribution 7, it holds that
E/P[1165” = 6711°) < Duaseprya /1. (16)

> It is important to recognize that C1(p) is not independent from the
previous assumptions A1-A3(p). In particular, [Dieuleveut et al., 2020a,
Lemma 13] implies that, under A1-A3(p) with p > 2, the bound (16) holds
for v € (0,1/(L Cstep,p)] with some constants Diast,p and Catep,p, Which
depends only upon p.
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Analysis of SGD: Bias

Proposition 2, Theorem 4 in Dieuleveut et al. [2020a]

A1-A3(6), C1(6). Then, for any v € (0,1/(L Cstep,6)]. the following bias
expansion holds:

E, [0] = /}R umy(du) = 0% + 781 + O(), (17)

B (0= 077 i= [ (u=0)m,(d0) =182+ OGP2),  (19)

where A; € RY, A, € R4 are constants independent of the step size .
Moreover, for any starting point 8y € RY, it holds that

E[fn] = 6" + 781+ O(r*?) + A1(/160 — 6", 7, 1), (19)

- —yu(n+1)/2 * T
where [[A1([|f0 = 6|, v, n)l| < === (160 — 6% + Y222).
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Bound for Polyak-Ruppert averaged estimator

Theorem 3

Assume A1-A3(6), C1(6). Then for any v € (0,1/(L Cstep,6)] and any
n € N, the sequence of Polyak-Ruppert estimates (4) satisfies

1o VTIre: 1 y1/2
E / [”H( 0*)” ] - nl/2 2 71/2n+’Y+ nl/2 +R1(n77a H00_9*||)7

(20)

where vz 2 A
Ri(n, v, 100 — 0*11) S *——(E/"[160 — 6*1|7] + E/"[l|6o — 6*|*]
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Theorem 3: sketch of proof

» Note that
Okr1 — 0% =0k — 0" — y(VF(Ok) + exs1(0k))

where g411(0k) is a martingale-difference sequence w.r.t. Fy.

> Set
n(0) = VF(0) — H(# — 67),

> We get
Oky1 — 0" = (I = yH)(Ok — 0%) — vekr1(0k) — (k) ,

» Rearranging the terms, we obtain

H -0 = P ) - 060, (@)
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Theorem 3: sketch of proof

» Summing the recurrence (21), we obtain that

o _ p* 2n
H(y— o7y = Ot =00 00 =00 LS (00) — enia(6°))
an wn nk:n+l 29
1 2n 1 2n ( )
+= > (0 == > m(0k)-
nk:n+1 nk:n+1

» Applying the 3-rd order Taylor expansion with integral remainder, we get that
1(06) = VF(Or) — H(B) — 0*) = % (/01 VH(t0" + (1 — £)0%) dt) (0 — %)=,
» Using A2, we thus obtain that
In(@0)l < 3 Lallox — %7
» Hence, applying Minkowski's inequality, we get

1/2 * |12 1/2 * |12
- El, 9,1 -0 Ey 0 n -0
B2 (G — 0%y 2] < B WO = 01IP] | B0 — 0" )

yn yn
1 1/ 2n 1 1/ 2n
B Y a0 = ena (0)P1+ B D e (6)]7)
k=n+1 k=n+1

Ls <% )2
tor D0 B0k — 07|
n

k=n+1
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Theorem 3: sketch of proof

> We have
2n 2n
Bl D ers1(66) —exra (0171 = D {Bulllensa(B) — exsa(67)]7]
k=n+1 k=n+1

» Since & are i.i.d, we have

EV2I Y enn(0)1P] = VnTrs: (23)

k=n+1

» Using A3, we get
Ey[llenr1(0k) — exr1(07)IP] < LPEL [0 — 67]]. (24)

> Applying C1[4], we complete the proof.
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Theorem 3: Discussion

> Setting optimal step size v depending on the number of samples n,
we arrive at v ~ n—2/3, which yields an error bound of order:

- Tri: 1

B~ 07)17 5 Yo +0( 23 ) + Rullo—0°].n). 25)

» There are different results in the literature that provide various decay
rates of the second-order term in (25). However, all these results are
known to be suboptimal for the first-order methods.

» In fact, the recent result of Li et al. [2022] shows that a second-order
error can be achieved by modifying the SGD algorithm with averaging
and control variates

EY2[IH(,—60%)]%] < Trz*+0< 1 )*Ri(”%—@*,n). (26)

1/2 3/4

» Our goal is to obtain an analogue of the 2-moment bound (26), using
a simpler algorithm.
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Richardson-Romberg estimator

» We construct two parallel chains based on the same sequence of noise
variables {&x}ken:

91(3-)1 = 91(3) - ’)/VF(HE:/),&(_H), _nfy = Zk n+1 0(7

(27)
9;(3?1) = 9(27) - 27VF(9£27),§,(+1), a7 = Zk n+l 9(2v).
» Based on 0% and 9?7 defined above, we construct a
Richardson-Romberg estimator as
G — o) e (28)

> Note that in the decomposition (22), the linear statistics
W=nt Zilnﬂ €k+1(0*) does not depend upon . Hence, using
the same sequence {& }ken of noise variables in (27) yields an
estimator éf,RR), such that its leading component of the variance still
equals W.
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Richardson-Romberg estimator: Bias

Proposition 4

Assume A1-A3(6), C1(6). Then, for any v € (0,1/(L Cstep,6)], and any
starting point f € RY, it holds that

E, [00] = 6% + O(v*2) + Do (1160 — 6711, 7, ), (29)

where || Ag(ldo — 6°[|, 7 )| < 3522 (B2, — 6%2] + Y222,
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Bound for Richardson-Romberg estimator

Theorem 5

Assume A1-A4(6). Then for any v € (0; min(g;, é)] and any n € N,
the estimator defined in 28 satisfies

_ VTrZ: 412 1
1/2 (RR) _ p%\[12] < e Y 0 3/2
Eu [||H(9n 0 )H ] ~ n1/2 n1/2 71/2,1 + n1/2 +

+ R2(n777 ||0 - 6*||)7

where
—yu(n+1)/2

* e *
Ra(n, 190 = 6°1) § ————— (BV/*{l160 — 0"’

+ EY*[ll60 — 6°[1*] + E2[160 — 6°]°] +)
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Theorem 5: sketch of proof
» Using the recursion 21, we obtain that
a0 0,—0" 6,0 ¢

H(G(RR) _ g*y — p7nt1 9
(0 )= yn yn 2vn 2vn

2n 2n
=2 S ) — 2@+ D a8 — cea(0°)

k=n+1 k=n+1
1 2n
v 2y
+EZ[€"“ ]—*2[2779 n(0;")]
k=n+1 k=n+1

» Define the function 1(0) = (1/2)V3£(6*)(6 — 6*)®2
» Applying the 4-rd order Taylor expansion with integral remainder, we

get that
1
n0) = (0) + ¢ ( / V(0 + (1 — 1)9) dt) (0— 0%, (30)
0
» Using A2, we obtain
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Theorem 5: sketch of proof

» The key technical element of the proof is to bound

%E,l/2[” Z {Y(0k) — Wv(w)}nz]

k=n+1

» Using coupling technique, it can be shown that

TRV DS (000 — (P S SEY2I D (0 — ()} )

e~ YH(n+1)/2 .
FE 10— 1 )

» It can be shown that for any 6,6’ € RY, it holds that

1
l(6) = (9] < 5Lsc(8,6"). (32)
» Moreover, see Douc et al. [2018], for any start point 6y € R?, it holds

| Q4 (B0) — my ()] S Ls(1/2)*/™OIW, (b6, ).
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Theorem 5: sketch of proof

» For covariance term, we get

Er, [((00) — ()T (6(8k) — 3 (9))] £ (1/2)F/ 702

» For variance term, we have

Er [[4(00) — 7 (¥)[1%] < Ex [14(60)|1°] < 2
» Combining results, we obtain

1/2 21« 72
e S (600 - m (W < s+ 1
k=n+1

> It remains to note that from Proposition 2 |27, (1) — ma ()| < 73/2

» To obtain result of Theorem 5 it remains to apply Minkowski’s
inequality to the decomposition 30.
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Theorem 5: Discussion

> Setting optimal step size v depending on the number of samples n,
we arrive at v ~ n—'/2 which yields an error bound of order:

N Va2 1 X
BIMET - 012 £ Y + 0 ) + Rl — 0°.).

> Now we aim to generalize this result for the p-th moment bounds
with p > 2.
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Richardson-Romberg estimator, p-th moment

» The key technical element of our proof for the p-th moment bound is
the following statement, which can be viewed as a version of
Rosenthal’s inequality [Rosenthal, 1970, Pinelis, 1994].

Proposition 6

Let p > 2 and assume A1-A3(2p), and C1(2p). Then for any
v € (0,1/(L Cstep,2p)], it holds that

. L Diast,20PT2p/TY L Diast 2pT
E/P [ Saso{w(60") — m@)lP] S —= :3/22” + '32’22" 2

where 1(0) = (1/2)V3£(6*)(0 — 6*)®2.
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Richardson-Romberg estimator, p-th moment

Repeating the proof of Theorem 5, and using Proposition 6, we obtain
the following bound:

Theorem 7

Let p > 2 and assume A1-A3(3p) and C1(3p). Then for any
v € (0,1/(L Cstep,3p)] and any n € N, the estimator defined in 28 satisfies

* 1/2
EY/P[|H@FR — gy < Y2, L o 1
v n VT VR e VR Ve

Y
+ —7 + 72 + Ra(n, 7, 16— 6°]),

where
e n+1)/2

(n+1)/
Ra(n, 7, 160 — 07]]) < T(E}/”[IIGO —0711°]

+E/PllI00 — 0*[17°] + E/P[l160 — 6%[1%°] + )
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Theorem 7: Discussion

» Setting optimal step size v depending on the number of samples n,
we arrive at v ~ n— /2, which yields an error bound of order:

- N Trzgpl/2 1 "
BT -0 1P s Y 40 i ) + Ralda 071 ).
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Thank you!
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