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Setup

Optimization problem, possibly non-convex,
possibly stochastic:

Kmin {f(z) :=Eepfe(x)}

Feedback, Deterministic Order Oracle:

o(x,y) =sign|f(x) — f(y) +o(z,y)]

Motivation

Human Feedback (e.g. RLHF):
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Our motivation: Al chocolate, Al wine, etc.
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Friendly method to our oracle

Algorithm Golden Ratio Method (GRM)

|: Input: Interval |a, bl

2: Initialization: Choose constants € > ()

dy<a+(1— /))Q

4: z < a+ p(b—a) 4 /B a y z b
5: while b — a > e do P=3% = 2 o- ® ® ®
6: if o(y,z) = —1 then

7: b <+ 2

8: 24—y

9: y<—a+(1—p)b—a) o o

10:  else Z A o Yy A

[1: a <1y -

20 oy b—z z-—y

13: z4a—+ plb—a)

14:  endif

15: end while

16: Return: ”j""

Trouble: GRM solve a one-dimensional optimization problem
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Assumptions

L-coordinate-Lipschitz smoothness:
Vif(x + he;)

(Strong) convexity w.r.t. the norm |-/ [1—a]s

f(y) 2 @)+ (Vf(@)y —a) + 2 ly -l

—V.f(z)| < Lilh|; i€ d,r e R?

Define norms (Y. Nesterov, 2012):
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Non-AcceIerated Methods

Algorithm Random Coordinate Descent with Order Ora-
cle (OrderRCD)

Input: z(y € R%, random generator R, (L)

for k =0to N —1do /Pa(i):L?/Sa
1. choose active coordinate i, = R (L)

2. compute 1), = argmin, { f(zx +ne;, )} via (GRM)
3. Tyl < T+ i€,

end for

Return: xy

S, = Zf L

Non-convex setting:

1 ~— >|< 2 S(,}.’E)
= Z (IVf@lfi—a) < O (257 + Sae + Sa®A
=0

Convex setting:

S.R% 2S5, R? . (e + PA)
] 1-a] | 25aR g
L f(en)] = S )<O( N o )

Strongly convex setting:

N :
s (f(on)] - fa7) < (1= B2 ) Ry 2ot 2000

H1—a H1—a

Prior works

| Reference | |Nesterov|(2012) | |Gorbunov et al.|(2019) | |Saha et al.|(2021) | |Tang et al.|[(2023) | This paper |
Non-convex X O ("J“’;f_!_,""") X O ( dLF) O (""”)
Convex O (H"”;l ) O (JH” H" L og 1) O ‘“‘l____‘r"'z) X O (“;"”.-J1 =
Strongly convex | O (— log l) O (% log l) O dﬁ log 1) X O (*’— log l) O v;”_ log 1)
| Order Oracle? | X | v | v | v | v v |
| Acceleration? | X | X | X | X | X v |
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Accelerated Method

Algorithm Accelerated Coordinate Descent Method with
Order Oracle (OrderACDM)

Input: 29 = 29 € R, Ro(L), Ag = 0,By = 1.5 = §
fork =0to N —1do

. choose active coordinate 7. = Rz(L)
2. find parameter ay 1 from aﬁHSg = A1 Braa. (i) — L?/z
where Ay 1 = Ar + ar+1 and Ps
Biy1 = Bk + pl1—a@k+1

Ak 41

L <€

3. < H1—alk41
i ~ 5

(1 (’1_11) ;L—I—ﬁ;,(l Z}L
“U"I‘ ‘<_ 1— — X ﬂk

compute 7 = algmmn{f yr + nei, )} via (GRM)
Tk+1 < Yk + 1k€i,

X N W

1 lL
wr < (1 — Br)zr + Bryr + B, {” () k€

'k
(2)
9. compute (; = argmin,{ f(wy + (e;, )} via (GRM)
10. 2p41 < wi + (e,
end for
Return: xy

Convergence in strongly convex setting:

L f(en)] = fl27) < (1 \/Ml—_a)NFo

Sa /2
Experiments
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Low-dimensional case

Golden ration method +
Nesterov's 2D generalization

§ Total number of Order Oracle calls:
—

< ot (4)

Stochastic Order Oracle

(A

o(z,y,§) = sign | f(x,§) — f(y, )] »*New feedback
Algorithm: Thi1l = T — MeO(Tk + V€K, Tk — Y€k, Ek )€
Asym ptOtiC convergence: N (v, —2*) ~ N(0,V), where the matrix V is:

2 —1
V_” (277 1 —1/d) —av2 )

2n(1 = 1/d) =aV? f( >I/ \a Sz~ dP(2)




