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A linear perturbation

Let f(v) be a smooth concave function,

v* = argmax f(v), F=—-Vf(v*).

v

Let another function g(v) satisfy for some vector A

g(v) —g(v") = (v —v", A) + f(v) - f(v").

Define

v° X argmax g(v),  g(v°) =maxg(v).
v v

Aim: evaluate the quantities v° — v* and g(v°) — g(v*).
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Motivation 1. Statistics and stoch optimization. SLS models ‘,‘Z:y;‘f;éj‘j"

Let L(v) be a log-likelihood function. Consider the MLE
v = argmax L(v)

and the background truth

v* = argmax [EL(v).

Stochastically linear smooth (SLS) models: IEL(v) is smooth and
concave in v and ((v) = L(v) — IEL(v) islinearin v:

A =V((v)=VC(.

Outcome: Fisher theorem and Wilks phenomenon in statistics.
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Motivation 2. Quadratic penalization L‘ijé‘}

Let A(-) be concave and

v* = argmax h(v).

Consider

h(v) = [|Goll*/2,
h(v) = |Go|*/2 + (G*v", v),

g(v)
f(v)

Then Vf(v*) =0 and v* = argmax f(v).

g is a linear perturbation of f with A = —G?v*.

Outcome: roughness penalty, effective dimension, critical dimension.
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Motivation 3. Optimization algorithms

Let f be a concave function and
v* = argmax f(v).
Let also v° be a current guess. Define
g(v) = f(v) = (V[f(v°), v -7
Then Vg(v°) =0 and hence,
v° = argmax g(v).

g is a linear perturbation of f with A =V f(v°).
Outcome: Newton — Kantorovich — Nemirovskii-Nesterov theorem on
quadratic convergence of strongly convex optimization.
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Gaussian VI zf‘%}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);

2. Moments: @y, ~ E; X, Z;' = Var;(X).
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Gaussian VI zf‘é'}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

GaUSS VI (',-BVI) ZVI) - arglnfr%//(NmZ H .ZPf)
x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);
2. Moments: @y, ~ E; X, Z;' = Var;(X).

[Katsevich and Rigollet, 2023] argued for (2).
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Outline

E Linearly pertubed optimization
m Quadratic case
m 2S expansions
m Linear perturbation under third order smoothness
m Uniform smoothness
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Quadratic function %

Lemma

Let f(v) be quadratic with V? f(v) = —F . If g(v) satisfy (1), then

1
v v =FA, g(v°) —g(v) = §||[F_1/2A||2-

Proof. Clearly —V?¢g(v) = —F and
Vg(v*) — Vg(v°) = F(v° — v).
Further, (1) and V f(v*) = 0 yield Vg(v*) = A . Together with
Vg(v°) = 0, this implies v° —v* =F 'A.
Taylor expansion of g at v° yields by Vg(v°) =0
1

* o [¢] * o * 1 —
g(v') = g(v°) = =5 (0" —v") F(v° — v') = —S[F 24,
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Local smoothness

Define
Sav,) = fv+ ) — ()~ (Vf(w),u) - 3 (T F0),u?),
Shv,u) = (Vf(0 + ), w) — (VF(v),u) — (Vf(0) u).

For D? < F(v) = —V?2f(v), define

def 2|63(v, u)|
W(’U) = sup W,
u: ||Dul|<r u @)
5
W' (v) def sup [85(v, )]

u: ||Dul|<r HIDU’H2
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Local concentration under 2+ smoothness L‘Z‘ 6}

Proposition

Fix v < 2/3 and r such that |[F~*/2A|| < vr. Suppose now that
f(v) satisty (3) for v =v*, D = F'/2, and w' such that

1—v—uw >0. (4)
Then for v° from (2), it holds

IFY?(v° —v*)|| < x.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 11 (61)



Proof

with D = F'/2, the bound ||[D~'A|| < v implies for any u
|(A,u)| = [(D7T'A, Du)| < vr|Dul.
If [|[Du|| > r, then r|Du| < ||Dul|?. Therefore,
(A,u)] < vIDul?,  [Du > x. 5

Let v satisfy |[D(v —v*)|| = r.Denote w = v — v*. The idea is to show
that the derivative %g(v* + tu) < 0 is negative for ¢ > 1. Then all the
extreme points of g(v) are within A(r) . We use the decomposition

9(v" + tu) - g(v") = (A,w)t+ (V" + tu) — f(v7).

With h(t) = f(v* +tu) — f(v*) — (A, u)t, it holds

d

"+ tu) = (A u) + 1 (8). (6)
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Proof. cont L‘Z‘ 4 6 j

By definition of v*, it also holds h'(0) = —(A, u) . The identity
V2f(v*) = —D? yields h"(0) = —||Dul|?. Bound (3) implies for |t| <1

|W(t) — 1'(0) — th"(0)] < ¢ |n"(0)|w'.
For t = 1, we obtain by (4) and (5)
W (1) < —(A,u)+1"(0) = h"(0) ' < =|R"(0)|(1 - —v) <O0.

Moreover, concavity of h(t) imply that h'(¢t) — h/(0) decreases in ¢ for
t > 1. Further, summing up the above derivation yields

d * 2 /
R < — — —_ .
7fh('u + tu) i IDul|“(1 —v—w’) <0

As 4h(v* + tu) decreases with ¢ > 1 together with /’(t) due to (6), the
same applies to all such t. This implies the assertion.
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2S expansions ‘,‘Z‘ ‘*j

Proposition

Under the conditions of Proposition 1, with € = D~'A = F~'/2A

~ el < 290%) — 20(0) - €I < ol @

Also
o * = 3w -
ID(v° —v* —F'A)|]? < A—w)? IF-2 A2,
1+ \/_ ©
[D(v° —v7)|| < T_. IF-12A].
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Proof Zf‘%}
By (3), forany v € A(r)
* 1 * *
F0) ~ )~ 3 IDw ~ 0P| < LB - o) @
Further,
1 1
9(v) = g(v") = SIDT A = (v = v", A) + f(v) = f(v") = 5D A7
1 1
= 5P —v") ~ DA+ f(v) ~ f) + F D v (10)
As v° € A(r) and it maximizes g(v), we derive by (9)

o * 1 — * 1 —
9(v°) = g(v") = 5 IDT AP = max {g(v) —g(v) ~ D7 A}

1 " _ w «
< max {3 [Ip(w - v") - DA + S D@ - v},
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Proof. cont

Further, max,, {wl|u|® — lu — &||*} = 125 [I€]? for w € [0,1) and
& € IRP, yielding

o oy Ly _
g(v%) — g(v") - 5D A < DA,

2(1 —w)

Similarly

o * 1 -
g(v%) - g(v") - 5 DA

1 . _ w N
> s {500~ ) DAl - b —w)?)
_ w —1 4112
= 72(1+w) ID™AJ~. (11)

These bounds imply (7).
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Proof. cont

Now we derive similarly to (10) that for v € A(r)

g(v) —g(v") < (v -0, A) - THD(U —v")|1%.

A particular choice v = v° yields

9(v°) — gv") < (v° — 0", A) — - D(° — v

Combining this result with (11) allows to bound

o * l-w o a2 Lol a2 1 41012
_ -~ _ — >_7 .
(v° —v* A) 5 ID(" —v)[" = SID™ A" > 30+ )HD All
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Proof. cont

For € =D 1A, u=D(v°—v*),and w € [0,1/3], the inequality
2 —(1— 2 g2 > ——“ g2
(.6) ~ (L= )l ~ €l > ]

implies

2w
+w)(l —w)

1
lu-=5¢l" < 5 5 €11

yielding for w < 1/3

[ 2w\ €l _ V3wl
||u—£H<<w+ 1+w>1—w< l—w ’
i <« (1) L ¢ Lo/l
- 14w/l —w ~ 1—w ’

and (8) follows.
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Home exercise ‘,‘Z‘ ‘* f j

It holds

2y 20 Y 2
max{w||u|* - [lu —€|*} T el

If w < 1/3, then the inequality

w

2w, §) = (1 - w)llull® = 1§]° = — €]
implies
1 2
lu— 1=l < groa=ap eI

[ 20\ llgll _ V3wl
||u—£||§(w—|— 1—|—o.1>1—(,uS l1—w
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Local smoothness 3d order ”J

(T3) There exists T3 such that for all w with |Du| < r

ss(v,0)| < ZIDul, v, w)] < FIDul.

(T1) There exists T4 such that for all w with |Du|| <r

T4 4
0. < —||D .
bs(v,w)| < 24Dl
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Conditions in terms of the third (resp. fourth) derivative zf‘%}
(T5) f(v) is strongly concave, D* < V2 f(v), and

(V3 f(v+u), z9%)|

sup sup < 73.
u: |Dul|<r zeRP Dz
(T7) f(v) is strongly concave, D? < V2 f(v), and
(VA (v 4 u), 2%
Sup Sup 1 S T4
u: |Dul<r z€RP |Dz||

Banach’s characterization [Banach, 1938] yields under (73*) (resp (7;°))

(VPf(v+u),21 ® 29 @ z3)| < 73)|Dz1|| D22 |Dzs]|;  (12)
4

[(Vif(v+u),21® 200 230 24)| <7 [ ] 1Dz (13)
k=1
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3S concentration ‘,‘Z‘ ‘*j

Proposition

Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V?2f(v*). Let g(v) fulfill (1) with some vector A .
Suppose that f(v) follows (T3) with r = v '||F~Y/2A|| for v < 1
and some 13 > 0. Let

s ||[FY2A| < 2v(1 —v).
Then v° = argmax,, g(v) satisfies

IF2(v° — %)l < vHET2A]
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3S expansions %

Proposition

Under the conditions of Proposition 3

27' N _
B2 Al < 29(0%) — 29(0") ~ [F2 A2
(14)
< 73 ||FY2A413.
Moreover, under (T;*)

1/2(,.0 * —1/2 3T3\ 172 412

IF=(0° —v7) —F A < —=[FRALF,
(15)

37'3

IFY2(v° — v*)|| < ||[F‘1/2A|| + = IF 24
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Proof

By (73) and Vf(v*) =0, forany v € A(r)

IN

N 1 . T3 "
F@?) = f(0) = SIF 0 - o] < 2B - o))

IN

T3 "
TIPS - o).
Further,
* 1 —1/2 4112
9(v) = g(v") = SlIF~ /7 A

= (v 0", A) + f(v) ~ f(o°) ~ [F2 AT

= —%H[Flﬂ('v —u*) —F 24| + f(v) - fv*) + %H[FW(U

(16)

- 7).
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Proof. cont L‘Z: : 6 j

As v° € A(r) and it maximizes g(v), we derive by (16) and Lemma 3

1
oy * 1/2 4112 — . ¥\ LE=1/2 4112
o(v%) = g(v") = SIF2A1 = max {o(o) - o(v") = 5IF A1}

1 _ 2 T3
< - ﬂ:1/2 o) 1/2 o 1/2 PN
_Ug%){ SIE2 (0 = 0%) = F124) 7+ 2 P20 - v") )
T3 _
< 2 |F2AYR

Now (14) follows from this and
o * 1 —
g(v°) —g(v*) — S |[F2A|?

1 N _ T N
> max {~3FV20 - 0") - F 24 - 2R - o))

> -2 [F A,
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Proof. cont %
For proving (21) use that V f(v*) =0, Vg(v°) =0,
Vf(v°) =Vg(v°) — A= —A,and —V2f(v*) = F.By Lemma 4 with
u=F1'A
[V +ET ) + A} < TIE2AP. a7
Further, by (1)
[F2vg(0* + F1A)|| = [F V2 {Vg(o* +EA4) — A+ A}
< [FAVf(ot + FA) + A < DIF2A)2
By definition Vg(v°) = 0. This yields

— * _ ° T _
IF2{Vg(v" +F 1 A) = Vg(v°)}] < gHF AP (g
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Proof. cont L‘Z: : 6 j

Now we can use with A = v* + F1A — v°
F/2{Vg(v* +FA) — Vg(v°)}

1
= (/ F12V2g(v° 4 tA) F1/2 dt> F'/2A.
0
By (1) V2g(v) = V2f(v) forall v.If |[FY/2(v —v*)|| < r,then (T3)
implies |[F~1/2V2f(v)F~Y/2 + I,|| < wt < 131 < 1/3. Hence,

[F2{Vg(0" +EA) ~ V)] > (1 - wh)[F2" — " ~FA)].

This and (26) yield

37

IFY2(0° —o" —F14)| < 1A < =2 IF2A) 2,

T3
2(1 —wt)

and (21) follows.
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A nice home exercise L‘Z‘ 6}

Lemma

Forany £ € IRP with ||€|| < 2r/3 and T with T < 1/2, it holds

3 _ 2 Z 3

ma (lul’ — lu—€]7) < Sl (19)
9 3

e (‘”“H + |u— ¢ ) H€|| : (20)

. \
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Proof %

Any maximizer u of the left hand-side of (19) satisfies
Tllulu - 2(u - €) =

Therefore, u = p& for some p, reducing the problem to the univariate case:

7€l
PR}
Define a = 7||&|| . The conditions ||&|| < 2r/3 and 7r < 1/2 imply
a<1/3 and ||p€]|| < r implies |p| < 3/2. The function

ap®/3 — (p — 1)? is concave on the interval |p| < 3/2 and hence, the
maximizer p fulfills ap® — 2p +2 = 0 yielding

1+vI-2a
a

max (Tlul® — [ —€)°) = €2 max_(

flull<z p: llp€llI<r

. el <3/2.
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Proof. cont

As a € [0,1/3], we can only use

_1-V1-2a 2 1= 2a
Pa = e 1t+vi-2a T T 01 vIo2a2

Therefore,

mae (Tl — fu— g2) = L2 ey, 1y

lull<
B 7II€I1® 8(1 + /1 —2a) — 12a < TI1€|13 ax 8(1++1—2a)—12a < 7|1€|1
3 (I++v/1-2a)* = 3 aecf01/3] (1++/1-2a)* — 2

With y = 1+ /1 —2a or —2a = (y — 1)2 — 1 = y? — 2y, represent

b(a) 8(1++1—2a)—12a 8Sy+6y>—12y 6y —4
a) = = = ,
(141 —2a)* yt y?

and the latter decreases with y > 1. As ¢(1/3) < 3/2, (19) follows.
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Proof. cont

The proof of (20) is similar. The general case can be reduced to the univariate one by

using u =

- 2 : VIT2a-1 2
Pe s i VTr2a ~ T VTt2a+1l (Vit2a+1)

yielding for a € [0,1/3]

T||€|| ps

min (Sl + lu - €]?) = + 11 (p — 1)?

<TH§||3 i 8(1+ V14 2a)+12a
= 3 ag0,1/3] 14+ V1I+2a)%

andwith y = 1+ /T4 2a or 2a = y* — 2y,

o (1+\/1+2a)+12a . Sy + 6y% — 12y . 6y — 4 .
max max ——— 2 — max =1.
a€[0,1/3] (1++1+2a)* T oy>2 y* y>2 3
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3S* results %

Proposition

Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V?f(v*). Assume (T3*) at v* with D?, r, and 73
such that

4
D <F, > [DFA], mIDFAl <.

Then ||D(v° — v*)|| < (3/2)||DFA| and moreover,

ID~'F(v° — v* — FLA)|| < %HD FlA|?. (21)
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Proof

If the function f is quadratic and concave with the maximum at v*
then the linearly perturbed function ¢ is also quadratic and concave
with the maximum at © = v* +F 1 A.

In general, the point © is not the maximizer of g, however, it is very
close to v°. We use that V f(v*) =0 and —V?f(v*) = F. Then
(27) of Lemma 4 yields

[D™'Vy()|| = [[DTH{V (v +FA) - Vf(v) + A}

< %H[D FLA|2. (22)
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Proof. Cont. ‘»‘Zx : 6 j

As |DF'A|| < 2r/3, condition (75*) can be applied in the /3 -vicinity
of ©.Fixany v with ||D(v — ©)|| < r/3 and define A = v — ©. By (29)
of Lemma 4

ID"H{Vy(v) = Vg(d) +FA}|| = [[D™H{Vf(v) - Vf(0) + FA}|
< A
In particular, this and (22) yield
D™ Vg(v+ A) + FA}| < 273|DA|>.

Forany w with ||u|| = 1, this implies

[(Vg(v+ A) + FA, D u)| < 273)|DA|2. (23)
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Proof. Cont. ‘»‘Zx | 6 j

Suppose now that ||DA|| = r/3 and consider the function h(t) = g(0 +tA).
Then A/(t) = (Vg(0 +tA), A) and (23) implies with u = DA/||DA||

[(Vg(® + A), 4) + [F/2A]?] < 2m|IDA?.
As F > D?, this yields
W'(1) < 273(DA|* - DA (24)
Similarly, (22) yields by |[DF~A| = 2r/3
W) = (V) 2)] < ZDE AP DA = 22 2 D2 @5)
Concavity of g(-) ensures that t* = argmax, h(t) satisfies [t*| < 1 if

W(1) < =[(0),  B(=1) <[n(0)].
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Proof. Cont. ‘»‘Zx : 6 j

Due to (24), (25), and ||DA| = r/3, the latter condition reads

2T 2r3r  2m3r 1
2 DA| + 27 DA - [DAJ? = DA (T + T2 - 2) <.

which is fulfilled because of 73||[DFtA|| < 4/9 and |[DF1A| =2r/3.We
summarize that v° = argmax,, g(v) satisfies |D (v° — ©)|| < r/3 while
ID(¥ —v*)|| = |[DFA| = 2r/3. Therefore,

ID(v® —v7)|| <r.

This allows us to use (73°) at this point for establishing (21). By definition
Vg(v°) = 0 and hence,

ID~{Vg(v" +FA) - Vg(v°)}] < %IID[F’lA\IQ- (26)
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Proof. cont. l‘Zx‘:‘ é j

By (29) of Lemma 4, it holds with A = v* +F 1A — v°

37’3

D~ {Vg(v" +FA) = V(%) = Vig(v") A} < 5

DA
Combining with (26) yields
DA < DAl + ZpE A < oAl + DpE-t AP

As 2z < ax? + B with a = 313, B = 13||DF~*AJ]?, and
= ||DFA| € (0,1/a) implies x < 3/(2 — o), this yields

| < ©
- 2 3T§||ID F-1AJ?2

D™ 'F(v° —v* —F'A) IDF~'A]?

and (21) follows by 73||DF~1A| < 4/9.
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Lemma %

Assume (T3*) at v.Let Uy = {u: ||Du| < r}. Then

ID={Vf(w +u) - VF(w) = (V2f (@), w}]| < 3 Dul’, uels. @)
Also for all w,w; € U,

D~V (v +wi) = V2o +u)}D 7| < 75 D (us — u>|| 2
D=V £ (v +wr) — V(v +u) - V2 (v) (w —w)} | < 22 2 D — w2

Moreover, under (T,") , forany u € Uy,

DT (0 +w) = V() ~ (V2f (), ) - 5(V*f (@), )| < 2 [Duf? .
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Proof Zf‘%}

Denote

A Y Viw+u) - Viw) — (VEf(v),u).

For any vector w € IRP, (73*) and (12) imply
T3
(A, w)] < = IDu|? [Daw].
Therefore,

IDAl = sup (DA, w)| = sup [(A, D w)| < 2 |Dul?
lw]|=1 =1 2
which yields the first statement.
For (30), apply

def

A YL+ u) — V) — (V2 (), 1) — = (V3 (0), u®)

2
and use (7,") and (13) instead of (75*) and (12).
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Proof. cont. ‘»‘Zx | 6 j

Further, with 1B, def Vf(v+u)—V2f(v+u)and A=wu; —u,by (7T35),
forany w € IRP and some ¢ € [0, 1],

(D™ V2 f (v +u1) = V(v +u)} D1 w®?)| = [(By, (D™ w)®?)]
= (V?f(v+u+td), Aw (D 'w)??)| < DA [[w]?.
This proves (28). Similarly, for some ¢ € [0, 1]
(DTHVf (v +uw) = Vi +u)} = V2 f(v+u)A},w)l
= V@ ut14), A0 AeDTw)| < 2 DA fuw]
andwith B = V?f(v 4+ u) — V2 f(v), by (28),

D' BA|| < [D'BD|| BA| < DA

This completes the proof of (29).
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Lemma %

Lemma

If 2z < az®+ B and = € (0,1/a) for a3 < 1, then

B
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Proof 'Z'f‘é"}

The roots of ax? + 3 = 2z satisfy
1+ yT—aB
a (6%

As = < 1/a, we only consider

<1 \/1—aﬁ af Ié]
- o (1—1—\/1—04) I1+1—af’
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Hessian %

Assume D? < F and let some other matrix [, € M, satisfy

D™ (F -F)D7 < w (31)

with w < 1. Then for any vector u

IF~Y2(F —F)FY2 < w, (32)

F1/2 (F-1 _ F-1)Fl/2 < w

[[F/= (Fy JEE < — (33)
. |DF!D|| < IPF;D| < —— [DF-!D] (34)
14w - i - 1l—-w ’
(1 —w)|D™'Ful| < D7 'Ful < (14 w)|D™'Ful, (35)
1— 2w 1

DF 'ul| < |IDF 'ul| < ——||DF tul.

I u| < IDFwl| < 7l ul| (36)

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 43 (61)



Proof

Statement (32) follows from (31) because of F~1 < D~2 . Define now
U F-1/2(F, —F)FY/2.Then |U|| < w and

1
Y2 (= F Y FY2) = (I +U)7 — I < T IUI
yielding (33). Further,

IDE ! ~F YD = [DF R E -F)FF'D|
= |DF'DDHF - F)D ' DF'D||

< IDFD|HDEB] DT (F - F)DT| < wlIDFD.

This implies (34).
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Proof. cont

Also, by D? < F
ID™'Fiu| < ID'Ful + [D7HF — F)D Dyl < ||D” Ful| +w ||Dul|
< ID7'Fu| 4+ w||DT Fu|| < (1 + w)|D™ Ful,
and (35) follows. Similarly
IDEF —F Hul| = [DFHE - F)F
IDFy'D D (F, —F)D ' DF |

IN

D~ (Fr = F) D] IDF DY [|DF

w

IA

IDF~

1—w

and (36) follows as well.
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Outline

Kl Fourth order approximation
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Fourth order approximation ”j

Proposition

Let f(v) be a strongly concave function with f(v*) = max, f(v) and
F=-V2f(v*),andlet f(v) follow (T3) and (T;") with some D?,
T3, T4, and r satisfying

3 4 1
D?<F, r=SDF A, nIDFlA| <, nlDFA)® <. @7

Let g(v) fulfill (1) with some vector A and g(v°) = max,, g(v) . Then
[D(v° —v*)| < (3/2)||DFLA||. Further, define

a=FY{A+VT(F'A)}, (38)
where T (u) = £ (V3 f(v*),u®3) for u € RP. Then

ID7IF(v° — v* —a)| < (ra/2+72) IDF A3, (39)
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Proof
Proposition 5 yields (21). By (73*)

D™ Fa —F~A)| = D! VT (F~A)]

— sup 3[(T.F'AQF 'AeD 'u)| < %HD[F*AH?.

]| =1
As D™'F > F'/? > D, this implies by 73||[DF A < 4/9

IDal < [DET'A| + DF VT (FA)|

11
< (1+ FIDFA]) IDF 4]l < - [DF 4|
and
IF2a —F-124] < 2|DF A2,

(41)
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Proof Zf‘%}
Next, again by (73*), forany w

ID~! VAT (w)D Y| = sup 6’ (T,w (D~ u)®2>’ < 73]|Dw|| .

lull=1
The tensor V27 (u) is linear in u, hence for any ¢ € [0, 1]
D~ VAT (ta+ (1 —t)F 1 A) D!
max{[[D~ V2T (' A) D71, [P VAT (a)D7 1}
3 max{|DFA[, |Dall}.

IN

A

Based on (41), assume |[DF~1A| < ||Da| < (11/9)|DF~1A|| . Then (40) yield
ID™'VT(a) -D VT (F A
=D ' VT (ta+ (1 - t)[F*IA) DY DF Y (a—FtA)|

73 IDF'A|? |Dal < > 3 IDF-1 A2,

I /\
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Proof Zf‘%}
Further, —=V2f(0) =F, VT (a) = 1(V?f(0),a ® a) . By (30) and (41)

D"V f(a)+Fa—VT(a)}

IN

11/9)3
( /2) T4|||D[F—1AH3

T4 3
—||Da|]® <
" |Dal” <

IN

2 DFtal?.
3
Next we bound HID_l{Vg(a) - Vg(v")}” .As Vg(v°) =0, (1) and (38) imply

ID~{Vg(a) — Vg(v°)}|| = [|[D"'Vg(a)|| = [|[D"'{Vg(a) + Fa — VT (A) — A}||
< IID‘l{Vf( )+Fa—VT(a)}| +ID"{VT(a) - VT (A} < 01, (42)

2 2
where & & 7—AL—’_TT:BHID F~A|, and by (37)

1
31301 = 13||[DFTA|| 74 |DF A2 + 273 DF AR < <3 @
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Proof %
Further, V2g(0) = V2£(0) = —F, and (29) of Lemma 4 implies

ID~*{Vg(a) - Vg(v°) + Fla—v°)}|

= [V (@) - VI(0°) + Fla— ")} | < °2[B(a— o) "

Combining with (42) yields in view of D? < F

_ o 3T o 3T _ o
ID7'F(a — v°)|| < " [D(a—v°)|* + 01 < DT Fa— v°)P + 01

As 2z < ax® + [ with a = 373, =24, ,and z € (0,1/a) implies
x < /(2 — af), we conclude by (43)

2 2
D@ - )] < T < B2 DA,
— o731

and (39) follows.
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Outline

1 Quadratic penalization
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Quadratic penalization

Here we discuss the case when g(v) — f(v) is quadratic.

The general case can be reduced to the situation with
g(v) = f(v) — ||Gv]|?/2. To make the dependence of G more
explicit, denote f(v) & f(v) — ||Gvl|?/2,

*

v* = argmax f(v),

vg, = argmax fg(v) = argmax{ f(v) — ||Gv||*/2}.

v

We study the bias v, — v™* induced by this penalization.
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Quadratic case %

Lemma

Let f(v) be quadratic with F = —V? f(v) . Define
S = —G*v*.
Then it holds with F; = F + G?
vt —vhE = F;'Se = -F;'G*,

: P 1, .
fo(wg) = fo(w") = SlIF6"*Scl* = 5 IIF6" G|

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 54 (61) %



Proof %

Quadraticity of f(v) implies quadraticity of fo(v) with
V2fq(v) = —Fg and

Via(v") = Vfa(vg) = Fa (vg —vY).

Further, V f(v*) = 0 yielding V fg(v*) = Sg = —G*v* . Together
with Vfg<’v*G> =

0, this implies
vt — v =F;'Se.
The Taylor expansion of fq at v, yields

* * 1 * * 1 —
fo(v") = fo(v) = —5lIFd*(v" = v3) P = =5 IF" Sl

and the assertion follows.
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&y

A general case under (73")

Proposition

Let fa(v) = f(v) — ||Gvl||?/2 be concave and follow (T3*) with some
D2, T3, and r satisfying

D? <Fg, r>3bg/2, T3bg<4/9,
where b = |DF;' G*v*| . Then
ID(vg — v)| < 3bg/2.
Moreover,
D~ Fe(vg — v* + FZ'G?o¥)|| < == b,

* * 1 - *
[2/ewE) - 2fev") - SIFE 2 G%0" || <
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Proof zf‘é'g

Define gg(v) by
96(v) = 96(vg) = fa(v) = fa(vg) +(GPv", v —vg). (44)
The function f¢ is concave, the same holds for g from (44).

Hence, Vgg(v*) = 0 implies v* = argmax go(v) . By definition,
Vf(v*) =0 yielding Vfg(v*) = —G?v* + G*v* = 0.

Now the results follow from Propositions 5 and 3 applied with

f(v) =ge(v) = fa(v) — (A,v), g(v) = fe(v), and
A = G*v*.
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Penalization bias under fourth-order smoothness

Define Fg = —V2f(v*) + G*, S¢ = G*v*, and
mg = F;'{Sc + VT (F;'Sq)}
with 7 (u) = ¢(V? f(v*), u®?).

(T;7) f(v) is strongly concave, D* < V2 f(v), and

(VA (v +u), 2]
sup sup 1 > Ty
w: |Dul<r z€RP Dz
Typically 75 < n~'/? and 7, < n~"'.
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An advanced bound ‘,‘Z‘ ‘*j

Proposition

Let f be concave and v* = argmax,, f(v). With Fg = —V2f(v*) + G*. Let
f(v) follow (T5*) and (T;*) with some D?, 75, 74, and r satisfying

3 4 1
DZS[FG7 rZEbG7 Tgbg<§, T4b2G<§.

with b = ||DF;' G2v*||. Define
mg = F; {G*v* + VT (F;'G?v*)}

with T(u) = L(V3 f(v*),u®3) and VT = (V3 f(v*), u®?). Then

2 2
ID~'Fo(v* — vl —mg)|| < 2225

< BTy
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Lecture 2

B Statistical inference for nonlinear regression. DNN training.

B Gaussian variational inference

B Bayesian optimization
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Outline

Statistical inference
m Linear and SLS models
m Nonlinear regression. Theoretical study
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Statistical problem. Penalized maximum likelihood L‘Z: 6}

Let L(v) be arandom function, v € T C IRP, p < 00.
Given a quadratic penalty ||Gv||*/2, define

Le(v) = L(v) — [|Gv]*/2.

Consider

~ 1
g = argmax Lg(v) = argmax{L(v)— §||G’U||2};

1
vg, = argmax [E Lg(v) = argmax{E L(v) — §||G’U||2};

v* = argmax [E L(v);

Aim: describe the estimation loss U — v* and the prediction loss
(excess) Lg(vg) — La(v*).
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Point of departure: a linear model zf‘%}
B Alinearmodel Y =¥ v + ¢
B aquadratic penalty peng(v) = ||Gv||?/2.
B Penalized MLE: with F; & @@ + G2
vg = lFalWY ,
~ « —1/2
2L (D) — 2La(vy) = | Fg " *@el.
where v}, = F;'WEY .
Loss, bias-variance decomposition:
Vg — vt = F;'We + F,'G*v*,
- o []2 _ _ _ .
E||Q(D¢ —v)||" = tr{QF;' Var(Pe)F'Q"} + [|QF ;' G*v™|*.
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SLS models zf‘%}

Stochastic component ((v) o L(v) — EL(v) islinearin v:

V¢ E Ve (w);

The function f(v) = IEL(v) is smooth and concave in v .

Consider

1
Vg = argmax Lg(v) = argmax{L(v) — §HGU||2};

v

1
vy, = argmax [E Lg(v) = argmax{E L(v) — §HG’UH2};

v

v* = argmax [E L(v);
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Conditions

(Ce) The function IE L (v) is concave on 1" which is open
and convex setin IR? .

(¢) The stochastic component ((v) = L(v) — IEL(v) is
linearin v, V{ = V((v) € R".
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Smoothness conditions L‘Z: 6}

f(v) = ELg(v) is smooth: for k = 3 (and may be k = 4)

(T35) f(v) is strongly concave, D* < V2 f(v), and

(V3 (v +u), 29%)]
sup sup 3 <
w: [Du|<r zeRP Dzl

T3 .

Banach’s characterization [Banach, 1938] yields for k > 2
(VEf(v+u),z1®...@zk)| < 7|Dz1] ... Dzl

If f(v) = [ELg(v) scales with 7, then the same holds for V¥ f(v) and

T3Xn71/2, T4xn71.
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Deviation bounds for V(
By (), itholds for ((v) = L(v) — IEL(v)

V((v) = V(.

(V¢) There exists V2 > Var(V() st. € & V-1v¢

satisfies for any considered x > 0 and B € I,
P(||B'%¢]| = 2(B,x)) < 37,
2(B,x) € tr B+ 2vx tr B? + 2x B
Alternative formulation: on £2(x) with IP(£2(x)) > 1 — 3e™*

1BY/%€|| > =(B,x).
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SLS models: Fisher and Wilks expansions zf‘é'}
With the metric tensor D from (73), define

rp =2(Bp,x), Bp % Var(DF;'V(), Fg=Fg(v).

Theorem (Fisher and Wilks expansions)

Assume (Cg), (€), (V) ,and (T3*) with D, r, and 75 s.t.

3 4
D*<Fg, r>5tp, T3Ip<g,
2 9
Then on (2(x)
1 e " 1 37—3 —1 2
| D~ Fa(vg —vg — Fg' V()| < T IDFg V(][®,

12L6(Dc) — 2La(vg) — ||FS*VC|?| < = | DFGVC|P.
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Smoothness and bias L‘Z‘ 6}

Compare

1
v, = argmax{lEL(v) - §||G'u||2}, v* = argmax [EL(v).

Proposition

Let
be & || DF;'G*v*|.
Assume (T,") with r = (3/2)bg andlet T3bg < 1/2. Then

3
ID Fg(vl — v* + FL'G20%)|| < f b2, .
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Expansion for PMLE ‘,‘Z“ ‘* f j

For any linear ()

Qe —v* = Fg' V¢ + Fg' G*v)|
37’3

< IQFG' DIl == (IDFG" V| + bp)
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Risk of estimation

Fix (): IR? — IRY and define

PD ©F b Var(DIF;'V(), bp = ||[DF;'G*v*|,
def _ _ *

P = trVar(QlFGIVC), be = ||Q1FGIG2'U I
def

o = B{|QF; (V¢ — G*v")|? Tow} < po + by .

~ 3 .
E{[|Q(B6 —v")l| Tow} < #4° + |QFG' DIl = (o + b1)

(1—aq)’Zq < E{||Q (V¢ — v) ||’ Low } < (1 + ag)*%q

. F-'D| (3/4 b2
provided o & 19FG DI (3/4)m (op +bB) _

Ve
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Effective and critical dimension. Full-dimensional case ‘,‘Z‘y;‘% j

With 7 = A\pin(D?), Q = D = n'/2I,, and Z¢ = pe + b2,

.ZE{||7L1/2 (’BG — 'U*)H2 ]I_Q(X)} = %G(l + T3\/gg).

A sharp bound under 73,/pg < 1 and T3bg < 1.

Critical dimension: with 75 =< n~1/2

P K n.
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Nonlinear regression x? 6}

Let observations Y7, ..., Y, follow the nonlinear regression model

with independent zero mean errors ¢; .

Target parameter 8 € © C IRP for p large/infinite.
Example in mind: @ codes the architecture of a DNN.
Aim: estimation/inference on 6.

Least squares estimation (Gauss, Legendre):

6 = argmin |Y — m(X;,0)|>.
Z]

Problems: L(@) is not concave, the gradient V((6) = Vm(0)e of the
stochastic component depends on 8, both SLS assumptions fail.
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Enforcing a stochastic linearity by calming

Calming = (pre)smoothing + relaxation + regularization.
(Pre)smoothing (or dual representation/kernelization/observables):

Z-—&Y, & R"— RY.
Further, define M (6) def @ m(6) and represent
Y=m(@)+e — DY =n+Pe and n~ M(0).
Then ||[Y — m(0)]|? transforms to
1BY —n* + A|@m(8) —n|* = | Z - nl* + \|M(8) — |

with a Lagrange multiplier A . Leads to

2.2(0,m) = —~||Z —n|*~A|M(0) — 1],

2.25(0,m) = —11Z — 0>~ |M(0) — n|*~(|GO|* — || ]|
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Procedure zf‘é'}
Consider (with A = 1)

1 1
2(0,m) = ~5ISY ~nl = J|Sm(6) - u|
1 1
= ——||Z —n|?-<|M(6) —n|?
S1Z =l = 51IM(8) — |
V¢ is given by

1 1 1
Zo(v) = 2(0.m) = 5|1 Z ] — 5IM(8) 0]~ 3GO|I>.

vg = argmax .Zg(v).
veYl

Profile MLE: 6 = argmax max .Zg(v).
0 n
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Definitions z'ﬂ“‘; 3

With m* = [EY and M* = Sm*
v* = argmin {|M* —q|*>+|M(0) — |},
v=(0,n)€T

v = argmin {[|[M* —n[* + M) —n|* + [|GO|*} .
v=(0,n)€T

*

The 6 -component 8* of v* (resp. 8, of v;) solves the original
problem in which the smoothed response Z = SY is replaced by the
auxiliary parameter n* (resp. N ):

6" = argmin | M(6) — n%|?,
0co

0. = arggﬁ@lin{!\M(O) —ngll* +1Ge|*} .
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Conditions. Warm start x? 6}

Let

D?*(6) = %VM(H) VM) = %ZQ:VMj(G) VM;0)" € Mm,.

For an initial guess 6@, define Dy = D(6,) and
e° = {0 ||D0(0 - 00)” S I‘()}

(0™) Itholds " € ©° and 6, € ©°.
Conditions of this kind are often applied in nonlinear optimization for
studying, e.g. Gauss-Newton iterations; see e.g. [Gratton et al., 2007].
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Conditions. Smoothness / self-concordance L‘ijé‘}

With
D?*(0) = %VM(O) VM(0)", D,= D(8,),

assume
(VM) Forsome wt <1/3 andany 6 € ©°, it holds

(1-wh) D} < D*0) < (1+wh)D2.
(VEM) For k € {2,3,4} and small » > 0, uniformly over

0 € ©° and u € IR?

q
> (VEM;(8), u™)® < 572 | Dou**.

j=1
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Errors %
For ((v*) = Z(v) — EZ(v), it holds

7= (re) = se)

Bounding V( can be easily reduced to a similar question for Se .
(Se) The vector Se satisfies for all considered x > 0

P(||Se| > 2(V?x)) < 3e,
where
V2 ¥ Var(Se) = S Var(e) ST,
AV2 %) € Vir v+ /2x [ V2]

[Spokoiny, 2024b], [Spokoiny, 20243a].
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Full dimensional information matrix and identifiability ‘,‘Z“ ‘*j

With
1 2 1 2
2(8.m) = —5|1Z —n|l” - 5IM(6) —n|
it holds

Fo(v) < —vlsfc(v):< Fg(v) —VM(O))

~VM(©)T 21,
with the upper left diagonal block

Fo(v) < VM(@O)VM(0)T + zq:{Mjw) — 0} V2M;(6) + G2

Define .7 < F(v§).
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Full dimensional information matrix and metric tensor Zf‘%}
With
2 1 T
D(8) = 5 VM(8) VM(6)
and D? = D*(0¢,), define

D? = block{D?* T} .

Lemma

It holds

2 2\—1
L, ((DP4263)7 0
5ar <2 (P2 0,

q
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Main results L‘Z‘ 6}

With Mo = (G?60*,0), define

p = |D.F5' Mc| < 2| DF;'G?07)|.

Theorem

Let rp = 22(WV?2 x) and

oN
-
(V)

1
4’

NoR N \V)

rox < I‘oZ%(I‘D\/bD), Tg(I‘D\/bD)<

It holds on (2(x) with for any linear mapping ) on 6
|Q{0c — 6" — (Z5'V()o + (F5' Mc)o}||

3T
< QDI = (128el® +b3) .
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Risk bounds %

Also, define

PO def i) Var{Q(ﬁglvg)o},
Fo 2 B{|Q(Z5'VC)0 — QT3 Mg)o||* o }
< po+ |Q (F5' Me)el*.

With pp = IE||D F;'V(||* < 2 it holds

3 _
B {[[Q@s — 6" Low } < v%q +11Q D7 5 (o +b3)

. W
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Critical dimension z'ﬂ“‘; by

Define the full effective dimension

pp = B||2Se|* < 40® ¢

The effective sample size n is defined via the constant s¢ from
(VM) . We use

T3 X X n~12,

The results require

pPc K n.
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Outline

H Sstructural modeling: Examples
m Matrix completion
m Gaussian mixture
m Deep Neural Networks
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Matrix complition ‘»‘Zx 6}

Suppose that a matrix Y = (Y;;) € IRP*9 is partly observed with noise:
Yij = Xij e, (i,4) €6,

where G describes the “design”. The goal is to recover the matrix X = (X;;)
under a “low-rank” condition. The latter yields the representation

X=UAV =) Munv,,, (1)

where A = diag(A1,...,\), U = (uq,...,u,) € RP*",

V = (vy,...,v,) € RP*", and the vectors u,, are orthonormal in IR? while
v, are orthonormal in IR?. In the case when all the eigenvalues A; are different
and ordered by absolute values |A\1| > ... > |\.|, representation (1) is unique.
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Matrix completion and identifiability

Let now (7) be a collection of “templates” in RP*%, k=1,..., K . Atypical
example is of the form

T = diag(d;) 1,x diag(d),

where 1., is the matrix of ones in IRP*? and (d1,...,d,), (01,...,d;) are

obtained as independent Bernoulli r.v’s. Informally, we include in the template 7
each row ¢ with probability a1 ; and each column 7 with probability a ;. Define

AT) E (X, Ty = Y T Xy
(i,9)€G

2(T)E (Y, Ty= Y T,Y.
(i,5)€G

Also introduces “observables” Z;, and the image parameters zj

Zk =Y, Te), 2z =(X,Th)-
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Matrix completion and identifiability ‘»‘Zx 6}

The whole set of parameters include orthonormal vectors U = (uq, ..., u,) in
R? and V = (vy,...,v,) in IR?, the vector of eigenvalues
A= (A1,...,A) ", and the image vector z = (2;,) leading to the log-likelihood
1 1 &
LU.V.Az2) = 5|2~ P Zyzk —(Th,UAVT)[?
2D
1 K 1 K T 2
2 T
L I S D pp e 18
k=1 23 m=1

(Near) orthonormality of the u.,, 's and v,,, ’s can be enforced by the penalty

p(lUTU ~Lf + V'V = L)
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Full dimensional information matrix and identifiability ‘,‘Z‘y;‘% j

Identifiability of the model is supported by a penalty Z 92 )\2 on the eigenvalues
A1, ..y Ay With 91 o< gr . Finally, to distinguish between w,,, and —u,, ,
add the penalty U — E||%, =, [[um — e ||* for given orthonormal vectors
e,, and similarly for v, .

In total

K
1 1
LUV Az) =512 -2 - 5> |z~ (Th, uAvT|?

”

Hg 2,2
- ?] Z m)"m

m=1

/10
(||UTU L3+ V'V -L|%)

He : :
-5 (U= El&+V - E'&)- (2)
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Full dimensional information matrix and identifiability

The whole procedure includes the following steps:

Fix a collection of templates 75 and compute Z = (75, Y) ;
Fix the matrices E = (ey,...,e,) € RP*" with E'E =TI,
and similarly E' = (€},...,€e.) € R with E''E' =TI,
Solve the maximization problem © = argmax,, .Z(v) for
Z(v) from (2) by alternating optimization.

Build /)\(/ using the solution v e.g.
X = U diag(A Z)\ U D, .

If necessary, redesign E and E’ and repeat.
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Gaussian mixture L‘ijé‘}

With ¢(x) = C exp(—||z|*/2), consider

fl@) = /¢(w;m)du(m,o)- )

Usually, the mixing measure o is discrete with well separated atoms
{(mk, O'k), ke e%/} :

B = Z M ]Imk,ak .

ket

Then p = g with 8 = {(ux, mi,0%), k € A}, where >, pp = 1.

flw) = fl@.0)= 3 mo(= ).

ket

Later we consider i = fig = Y ; ik, Oy, 0, -
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Gaussian mixture L‘Z: 6}

Let X; bei.id.from f.Consider the problem of recovering the mixing measure
from the data. Given a family of test functions (1/;(x)) , define the observables

def 1
Z; = ;Z%(Xz')-
1=1

One example is given by a collection v; () = (|| — @;||*/s7) for akernel ¢, a
fixed set of points x; and scalings s;, j < ¢g. Denote

bi(m, o) /ipj(a;)gb(w’m) dx

g

Under (3), it holds

B2 = [vy(@) f@)de = [ [ vy(@)6(E") du(m o) do

g

= /¢j(m,a) du(m, o) = p(y;).
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Gaussian mixture

The calming device suggests to introduce the image parameter z and the extended
log-likelinood .Z(v) = £ (0, z) with

def 1 1
2(0.2) " 12~ 2~ Sz~ po@)|?,

where (19(¥) is a vector in IR? with the entries

pe (Vi) = Z i Vi (Mg, o) -

ket
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Gaussian mixture. Identifiability L‘Z‘ 6}

To overcome the issue of identifiability problem, introduce a penalty

def
pen, (n) = Y sk,
ket

where %,3 strictly increase with & . Such a penalty ensures identifiability if the true
weights u}, of each component ¢, -, are significantly different. Unfortunately, the
problem is not completely resolved if there are different components with nearly the
same weights 11} . One possibility to make it fixed is by using an additional penalty
pene(0) based on the distance of each mean my, from the origin (or any other
fixed point my ):

def
peng(m) = Y ||Gmu?,
kext

where the matrix GG identifies the distance from each mean my to the origin. In

particular, one can use G* = diag(g3) with g3 strictly increasing.
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Gaussian mixture L‘ijé‘}

Altogether leads to the following approach: for v = (0, z) = {(ux, M, o%), (2;)}
and pen(v) = pen,,(0) + peng(m)

Vg

arginax{f(v) — % pen(v)}

1 1
= argmax{—2||z —z|]* - §||Z — 1o (®)|?

1 1
DI LD D3

ket ket

The structural penalty ||z — 19(%)||? creates some difficulties for the analysis,

however, it is deterministic and smooth in the scope of arguments.
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Deep Neural Network with one hidden layer zf‘%}
Let, for an input vector & = (1,,,) € IR?, the hidden layer transformation is given by
) = g(a+We),

where @ € RP, W : R? — R?, and o is a coordinate-wise activating function,
e.g.

o(t) = A log(1 + e).

The transformed vectors 1) enter in the logistic regression model for binary labels
Y

P(Y =1| z1)) = softmax(zV), P(Y =0 | zW) =1 — softmax(z) .

The structure of this neuronal network is described by the structural parameter
v=(a,W).
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Deep Neural Network with one hidden layer 4 iéj

Now consider the statistical problem of inference about this parameter given
independent data (X ;,Y;) . The corresponding log-likelinood involves the fidelity
term L(Y,zMW) =3, (Y, m:) with £(y,n) = yn — log(1 +e"),

N = softmax(a:z(-l)) and the structural terms || X — o(a + WX)||2. We also
add some penalty on @ = (a;) and W = (wy,;):

1 1
pen(a) = S| Tal? = 53" a2 T2
J

1 1
pen(W) = §<g, W>2 = §Zw3nj 72nja

m,J

with 7; and G,,; polynomially growing in j . This enables us to identify the most
informative nodes in the hidden layer and control the overall complexity of the

network.
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Deep Neural Network with one hidden layer 4 iéj

This results in maximization of the penalized log-likelihood

ZL(a, W, X)) = L(Y, softmax(X V) — Hx(l ola+WX)|?
1 2 1 17\ 2
—5lTal* =5, W)

with a Lagrange multiplyer 1. The structural relation xM = ocla+WX)is
relaxed and replaced by the structural penalty %HX(D —o(la+WX)|?.
Introducing the auxillary variable XM s not mandatory, one can use

XM = g(a+ WX). However, it can be useful, e.g. for an additional penalization.

One example of choosing the penalty on a and W is given by 7;-2 = cajw , and
gfnj = gj? = cij fore.g. 8 = 2 and some constants c,, C,, . Any prior
information about the input features X can be incorporated in the penalty
coefficients A, leading to a structure G, = G2, + G7 , e

Ghj = cam® +c,j? .
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Multilevel DNN z'ﬂ“‘; 3

This construction extends to a K -layer network using recurrence
X®) = g(a® Wk x k=1
for k=1,...,K and X® = X . This leads to the log-likelihood

.,ng(X(l),a(l),W(l), o ,X(K),a(K),W(K)) _ L(Y,X(K))

K

1

—5 (||X(k) o(a® + Wk xE=1y) 2 L7k g ||2+<W(k)7g(k)>2>
k=1
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Outline

Kl Gaussian Variational Inference
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Gaussian VI zf‘é'}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

GaUSS VI (',-BVI) ZVI) - arglnfr%//(NmZ H .ZPf)
x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);
2. Moments: @y, ~ E; X, Z;' = Var;(X).

[Katsevich and Rigollet, 2023] argued for (2).
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Some literature L‘Z: 4 6 j

[David M. Blei and McAuliffe, 2017] Variational Inference: A review
for statisticians

[Zhang and Gao, 2020] Convergence rates of variational posterior
distributions

[Wang and Blei, 2019] Frequentist consistency of variational
Bayes

[Han and Yang, 2019] Statistical inference in mean-field
variational Bayes

[Challis and Barber, 2013] Gaussian Kullback-Leibler approximate
inference

[Alquier and Ridgway, 2020] Concentration of tempered posteriors
and of their variational approximations

[Lambert et al., 2023] Variational inference via Wasserstein
gradient flows
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Representation of the KL-divergence L‘Z‘ 6}

The VI approach assumes minimizing of the KL-divergence
JH (INg 7 || IPy) over all feasible x,Z . Here we rewrite this problem
in terms of local parameters a and S'.

Lemma

Forany x and any Z , it holds
1
H (Paz|| Py) = C + 5 logdet(Z ") - g —Ef(z +7,).

with C depending on f and p only.
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Representation of the KL-divergence

With C; % log [ e/@+W dy, and C, = (27) /2 forany u € RRP

dIPy

du
APy 7

du

(x +u) = e O f(@te)

(z +u) = C, det(Z1/2) e~ 1Z"2ull*/2

This yields with v ~ N (0,Z~1) and v ~ N(0, I,)

AP, 2
dP;

-ZEw,Z IOg

1 1 _
= Cy+1logCp — Ef(z +7,) — 5 Blly|* - ; logdet(Z),

and the result follows in view of E||v||> =p.
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Z -vicinity

With F = —V?2f(Z), represent Z in the form
27 =F1248 o FYAZTVRRVA =, 4+ FYASEYY

A vicinity of F using Kullback-Leibler divergence ¢ (INz f || Nz z)

Lemma

Let Z7V/2 =F~Y/2 + S and U = FY/* SFY* fulfill |U|| < v < 1. Then
K (Nzf | Nez)

= —logdet(llp+ﬂ:1/4S[|:1/4)+%tr{[]: 1/2_|_S }

= —logdet(IL, —i—U)—i—trU—i—%tr(lFSz) ;tr([FSQ). (4)
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Proof %

For two Gaussian distributions IN r, IN; 7 with the same mean &
H (Nog | Noz) = - {~log det(FZ) + tr(FZ ! — I}
= —logdet{Fl/Z(F*1/2+S)}+§tr{[F F/?+9)? — I}
= —logdet(IL, + U) + %tr([FS2 + 2F1/289)

and (4) follows by = — log(1 +x) > 0 forany z > —1.
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VI as optimization problem ‘,‘Z‘ ‘*j

Consider symmetric matrices S € 901, such that for some v < 1
|FY4SFY/4| <. (5)
With v ~ N(0,1I,), a € RP, and S € M, satisfying (5), define
H(a,S) ¥ —logdet(F/2 + 8) — Ef(Z +a+ (F 2+ S)y),

(@, S) & argmin H (a, S) .
(a,5)

Then the VI problem leads to minimization of the function H (a, S) :

(3,2) def argmin % (P z || IPy) = (:T: +a, ([F_l/2 + §)—2).
(2,2)
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VI problem revisited
For X ~ Py e/(®)  consider

z=E;X, ¥X=Va(X), F=-Vif(z).

Consider

H(a,S) ¥ —logdet(F 2+ ) — Ef(Z +a+ (F >+ S)y),
(@, S) ¢ argmin H(a,S).
(a,5)
Aguess (a,S) = (0,0) . How far from the solution (@, S)?

Technical issue: anisotropic smoothness in a and S directions.
Fix Z~'/2 = F~'/2 + S and optimize w.r.t. a.
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Score %

For Z~Y/? = F~Y/2 + S fixed, consider H(a) = H(a, S)

a ¥ argmin H(a) = argmax Ef(Z 4+ a + Z/?~) .

a

—

Main step: compute A = VH(0) and % = —V2H(0).

Aguess: .Z ~F = —V?f(z), A~ 0 up to fourth order.
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Hessian %

Fix a and consider

h(t) = —Ef(x +ta+Z *y).

Lemma

The function h(t) = H(ta) is strongly convex and satisfies

W'(t) = —(EVf(Z +ta+2Z*v),a%?).

Concavity of f(-) implies convexity of /.
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Evaluating h" (0) %

Lemma
It holds with F = —V2 f(Z)

W'(0) = —IE (V2f(Z + v,), a®?) ,

and with p = tr(DF'D) and o = |DF'D||

|W'(0) — a'Fa| <

a2 29 g2, ®
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Proof %

It holds

Forany u € IR?,

(V2@ +72), ) + (V2] (@), u2) + (V] (@), 7, © )|
< 57Dz | Dl
With p = tr(D?F 1)
B|D, | =

Further, IE(V3 f(Z), v, ® a®?) = 0 and (6) follows.

. W
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First derivative x? 4 6 j

Define for any direction a

ht) = —Ef(z +ta+2Z?~).

Lemma

It holds with p = tr(DF'D), a = |DF~

Qa1

| (p—i—Oz)

(0) :

IPaf + = IDal.
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Proof %

With v, = Z_1/27 , Taylor expansion of V f(& + -y;) yields for any
u € IRP
(V@ +7z),u) = (VF(@),u) — (V2f(Z),7; @ u)

1
—§<V3f( ), 7 ©7z @ u)| < - 7 [Dyz ]| Dl (7)

o:\»—'

Also by Laplace approximation

<>41

_ 1
V@), a) - BV (@), 7 @ v @ a)] < 5 |||D I
Now we apply (7) with w = a and E||Dvg|]® < (p + a)3/2 . The use of
E(V2f(Z),vf ® a) = 0 yields

74 (p + a)3/? Qa

6

|E(Vf(@+Z?y).a) < IPall + 7 IIDall
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Accuracy

Theorem (3-bound)

|F%a —F'2A|| < rllF2A)°

Theorem (4-bound)

|F'/%a —F A —F'2VT(FA)|| < ¢(73 + m)IF/2A|P.

. \
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