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A linear perturbation

Let f(υ) be a smooth concave function,

υ∗ = argmax
υ

f(υ), F = −∇2f(υ∗).

Let another function g(υ) satisfy for some vector A

g(υ)− g(υ∗) =
〈
υ − υ∗,A

〉
+ f(υ)− f(υ∗). (1)

Define

υ◦ def
= argmax

υ
g(υ), g(υ◦) = max

υ
g(υ). (2)

Aim: evaluate the quantities υ◦ − υ∗ and g(υ◦)− g(υ∗) .
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Motivation 1. Statistics and stoch optimization. SLS models

Let L(υ) be a log-likelihood function. Consider the MLE

υ̃ = argmax
υ

L(υ)

and the background truth

υ∗ = argmax
υ

EL(υ).

Stochastically linear smooth (SLS) models: EL(υ) is smooth and

concave in υ and ζ(υ) = L(υ)−EL(υ) is linear in υ :

A = ∇ζ(υ) = ∇ζ.

Outcome: Fisher theorem and Wilks phenomenon in statistics.
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Motivation 2. Quadratic penalization

Let h(·) be concave and

υ∗ = argmaxh(υ).

Consider

g(υ) = h(υ)− ∥Gυ∥2/2,

f(υ) = h(υ)− ∥Gυ∥2/2 + ⟨G2υ∗,υ⟩, .

Then ∇f(υ∗) = 0 and υ∗ = argmax f(υ) .

g is a linear perturbation of f with A = −G2υ∗ .

Outcome: roughness penalty, effective dimension, critical dimension.
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Motivation 3. Optimization algorithms

Let f be a concave function and

υ∗ = argmax f(υ).

Let also υ◦ be a current guess. Define

g(υ) = f(υ)− ⟨∇f(υ◦),υ − υ◦⟩.

Then ∇g(υ◦) = 0 and hence,

υ◦ = argmax g(υ).

g is a linear perturbation of f with A = ∇f(υ◦) .

Outcome: Newton – Kantorovich – Nemirovskii-Nesterov theorem on

quadratic convergence of strongly convex optimization.
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Gaussian VI

Let Pf ∼ exp f(x) . Denote by Nx,Z the Gaussian measure with

the mean x and covariance Z−1 , i.e. Nx,Z
def
= N (x,Z−1) .

Gauss VI: (xVI,ZVI) = arginf
x,Z

K (Nx,Z ∥Pf ).

Natural candidates:

1. Laplace: xVI ≈ argmax f(x) , ZVI ≈ −∇2f(x∗) ;

2. Moments: xVI ≈ EfX , Z−1
VI ≈ Varf (X) .

[Katsevich and Rigollet, 2023] argued for (2).
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Quadratic function

Lemma

Let f(υ) be quadratic with ∇2f(υ) ≡ −F . If g(υ) satisfy (1), then

υ◦ − υ∗ = F
−1A, g(υ◦)− g(υ∗) =

1

2
∥F−1/2A∥2.

Proof. Clearly −∇2g(υ) ≡ −F and

∇g(υ∗)−∇g(υ◦) = F(υ◦ − υ∗).

Further, (1) and ∇f(υ∗) = 0 yield ∇g(υ∗) = A . Together with

∇g(υ◦) = 0 , this implies υ◦ − υ∗ = F−1A .

Taylor expansion of g at υ◦ yields by ∇g(υ◦) = 0

g(υ∗)− g(υ◦) = −1

2
(υ◦ − υ∗)⊤F(υ◦ − υ∗) = −1

2
∥F−1/2A∥2 .
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Local smoothness

Define

δ3(υ,u) = f(υ + u)− f(υ)− ⟨∇f(υ),u⟩ − 1

2
⟨∇2f(υ),u⊗2⟩,

δ′3(υ,u) = ⟨∇f(υ + u),u⟩ − ⟨∇f(υ),u⟩ − ⟨∇2f(υ),u⊗2⟩ .

For D2 ≤ F(υ) = −∇2f(υ) , define

ω(υ)
def
= sup

u : ∥Du∥≤r

2|δ3(υ,u)|
∥Du∥2

,

ω′(υ)
def
= sup

u : ∥Du∥≤r

|δ′3(υ,u)|
∥Du∥2

.

(3)
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Local concentration under 2+ smoothness

Proposition

Fix ν ≤ 2/3 and r such that ∥F−1/2A∥ ≤ ν r . Suppose now that

f(υ) satisfy (3) for υ = υ∗ , D = F1/2 , and ω′ such that

1− ν − ω′ ≥ 0. (4)

Then for υ◦ from (2), it holds

∥F1/2(υ◦ − υ∗)∥ ≤ r .
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Proof

With D = F1/2 , the bound ∥D−1A∥ ≤ ν r implies for any u∣∣⟨A,u⟩
∣∣ = ∣∣⟨D−1A,Du⟩

∣∣ ≤ ν r∥Du∥ .

If ∥Du∥ > r , then r∥Du∥ ≤ ∥Du∥2 . Therefore,∣∣⟨A,u⟩
∣∣ ≤ ν∥Du∥2 , ∥Du∥ > r . (5)

Let υ satisfy ∥D(υ− υ∗)∥ = r . Denote u = υ− υ∗ . The idea is to show

that the derivative d
dtg(υ

∗ + tu) < 0 is negative for t > 1 . Then all the

extreme points of g(υ) are within A(r) . We use the decomposition

g(υ∗ + tu)− g(υ∗) = ⟨A,u⟩ t+ f(υ∗ + tu)− f(υ∗).

With h(t) = f(υ∗ + tu)− f(υ∗)− ⟨A,u⟩ t , it holds

d

dt
f(υ∗ + tu) = ⟨A,u⟩+ h′(t). (6)
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Proof. cont

By definition of υ∗ , it also holds h′(0) = −⟨A,u⟩ . The identity

∇2f(υ∗) = −D2 yields h′′(0) = −∥Du∥2 . Bound (3) implies for |t| ≤ 1∣∣h′(t)− h′(0)− th′′(0)
∣∣ ≤ t2

∣∣h′′(0)∣∣ω′ .

For t = 1 , we obtain by (4) and (5)

h′(1) ≤ −⟨A,u⟩+ h′′(0)− h′′(0)ω′ ≤ −
∣∣h′′(0)∣∣(1− ω′ − ν) < 0.

Moreover, concavity of h(t) imply that h′(t)− h′(0) decreases in t for

t > 1 . Further, summing up the above derivation yields

d

dt
h(υ∗ + tu)

∣∣∣
t=1

≤ −∥Du∥2(1− ν − ω′) < 0.

As d
dth(υ

∗ + tu) decreases with t ≥ 1 together with h′(t) due to (6), the

same applies to all such t . This implies the assertion.
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2S expansions

Proposition

Under the conditions of Proposition 1, with ξ = D−1A = F−1/2A

− ω

1 + ω
∥ξ∥2 ≤ 2g(υ◦)− 2g(υ∗)− ∥ξ∥2 ≤ ω

1− ω
∥ξ∥2 . (7)

Also

∥D(υ◦ − υ∗ − F
−1A)∥2 ≤ 3ω

(1− ω)2
∥F−1/2A∥2 ,

∥D(υ◦ − υ∗)∥ ≤ 1 +
√
2ω

1− ω
∥F−1/2A∥ .

(8)
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Proof

By (3), for any υ ∈ A(r)∣∣∣f(υ∗)− f(υ)− 1

2
∥D(υ − υ∗)∥2

∣∣∣ ≤ ω

2
∥D(υ − υ∗)∥2. (9)

Further,

g(υ)− g(υ∗)− 1

2
∥D−1A∥2 =

〈
υ − υ∗,A

〉
+ f(υ)− f(υ∗)− 1

2
∥D−1A∥2

= −1

2

∥∥D(υ − υ∗)−D
−1A

∥∥2 + f(υ)− f(υ∗) +
1

2
∥D(υ − υ∗)∥2. (10)

As υ◦ ∈ A(r) and it maximizes g(υ) , we derive by (9)

g(υ◦)− g(υ∗)− 1

2
∥D−1A∥2 = max

υ∈A(r)

{
g(υ)− g(υ∗)− 1

2
∥D−1A∥2

}
≤ max

υ∈A(r)

{
−1

2

∥∥D(υ − υ∗)−D
−1A

∥∥2 + ω

2
∥D(υ − υ∗)∥2

}
.
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Proof. cont

Further, maxu
{
ω∥u∥2 − ∥u− ξ∥2

}
= ω

1−ω∥ξ∥
2 for ω ∈ [0, 1) and

ξ ∈Rp , yielding

g(υ◦)− g(υ∗)− 1

2
∥D−1A∥2 ≤ ω

2(1− ω)
∥D−1A∥2.

Similarly

g(υ◦)− g(υ∗)− 1

2
∥D−1A∥2

≥ max
υ∈A(r)

{
−1

2

∥∥D(υ − υ∗)−D
−1A

∥∥2 − ω

2
∥D(υ − υ∗)∥2

}
= − ω

2(1 + ω)
∥D−1A∥2. (11)

These bounds imply (7).
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Proof. cont

Now we derive similarly to (10) that for υ ∈ A(r)

g(υ)− g(υ∗) ≤
〈
υ − υ∗,A

〉
− 1− ω

2
∥D(υ − υ∗)∥2.

A particular choice υ = υ◦ yields

g(υ◦)− g(υ∗) ≤
〈
υ◦ − υ∗,A

〉
− 1− ω

2
∥D(υ◦ − υ∗)∥2.

Combining this result with (11) allows to bound

〈
υ◦ − υ∗,A

〉
− 1− ω

2
∥D(υ◦ − υ∗)∥2 − 1

2
∥D−1A∥2 ≥ − ω

2(1 + ω)
∥D−1A∥2.
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Proof. cont

For ξ = D−1A , u = D(υ◦ − υ∗) , and ω ∈ [0, 1/3] , the inequality

2
〈
u, ξ

〉
− (1− ω)∥u∥2 − ∥ξ∥2 ≥ − ω

1 + ω
∥ξ∥2

implies ∥∥u− 1

1− ω
ξ
∥∥2 ≤ 2ω

(1 + ω)(1− ω)2
∥ξ∥2

yielding for ω ≤ 1/3

∥u− ξ∥ ≤
(
ω +

√
2ω

1 + ω

)
∥ξ∥
1− ω

≤
√
3ω∥ξ∥
1− ω

,

∥u∥ ≤
(
1 +

√
2ω

1 + ω

)
∥ξ∥
1− ω

≤ 1 +
√
2ω∥ξ∥

1− ω
,

and (8) follows.
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Home exercise

Lemma

It holds

max
u

{
ω∥u∥2 − ∥u− ξ∥2

}
=

ω

1− ω
∥ξ∥2 .

If ω ≤ 1/3 , then the inequality

2
〈
u, ξ

〉
− (1− ω)∥u∥2 − ∥ξ∥2 ≥ − ω

1 + ω
∥ξ∥2

implies

∥∥u− 1

1− ω
ξ
∥∥2 ≤ 2ω

(1 + ω)(1− ω)2
∥ξ∥2

∥u− ξ∥ ≤
(
ω +

√
2ω

1 + ω

)
∥ξ∥
1− ω

≤
√
3ω∥ξ∥
1− ω

.
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Local smoothness 3d order

(T3) There exists τ3 such that for all u with ∥Du∥ ≤ r∣∣δ3(υ,u)∣∣ ≤ τ3
6
∥Du∥3 ,

∣∣δ′3(υ,u)∣∣ ≤ τ3
2
∥Du∥3 .

(T4) There exists τ4 such that for all u with ∥Du∥ ≤ r∣∣δ4(υ,u)∣∣ ≤ τ4
24

∥Du∥4 .
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Conditions in terms of the third (resp. fourth) derivative

(T ∗
3 ) f(υ) is strongly concave, D2 ≤ ∇2f(υ) , and

sup
u : ∥Du∥≤r

sup
z∈Rp

∣∣⟨∇3f(υ + u), z⊗3⟩
∣∣

∥Dz∥3
≤ τ3 .

(T ∗
4 ) f(υ) is strongly concave, D2 ≤ ∇2f(υ) , and

sup
u : ∥Du∥≤r

sup
z∈Rp

∣∣⟨∇4f(υ + u), z⊗4⟩
∣∣

∥Dz∥4
≤ τ4 .

Banach’s characterization [Banach, 1938] yields under (T ∗
3 ) (resp (T ∗

4 ) )∣∣⟨∇3f(υ + u), z1 ⊗ z2 ⊗ z3⟩
∣∣ ≤ τ3∥Dz1∥ ∥Dz2∥ ∥Dz3∥ ; (12)

∣∣⟨∇4f(υ + u), z1 ⊗ z2 ⊗ z3 ⊗ z4⟩
∣∣ ≤ τ4

4∏
k=1

∥Dzk∥ . (13)
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3S concentration

Proposition

Let f(υ) be a strongly concave function with f(υ∗) = maxυ f(υ)

and F = −∇2f(υ∗) . Let g(υ) fulfill (1) with some vector A .

Suppose that f(υ) follows (T3) with r = ν−1∥F−1/2A∥ for ν < 1

and some τ3 ≥ 0 . Let

τ3 ∥F−1/2A∥ < 2ν(1− ν).

Then υ◦ = argmaxυ g(υ) satisfies

∥F1/2(υ◦ − υ∗)∥ ≤ ν−1∥F−1/2A∥ .
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3S expansions

Proposition

Under the conditions of Proposition 3

−2τ3
3

∥F−1/2A∥3 ≤ 2g(υ◦)− 2g(υ∗)− ∥F−1/2A∥2

≤ τ3 ∥F−1/2A∥3 .
(14)

Moreover, under (T ∗
3 )

∥F1/2(υ◦ − υ∗)− F
−1/2A∥ ≤ 3τ3

4
∥F−1/2A∥2 ,

∥F1/2(υ◦ − υ∗)∥ ≤ ∥F−1/2A∥+ 3τ3
4

∥F−1/2A∥2 .
(15)
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Proof

By (T3) and ∇f(υ∗) = 0 , for any υ ∈ A(r)∣∣∣f(υ∗)− f(υ)− 1

2
∥F1/2(υ − υ∗)∥2

∣∣∣ ≤ τ3
6
∥D(υ − υ∗)∥3

≤ τ3
6
∥F1/2(υ − υ∗)∥3. (16)

Further,

g(υ)− g(υ∗)− 1

2
∥F−1/2A∥2

=
〈
υ − υ∗,A

〉
+ f(υ)− f(υ∗)− 1

2
∥F−1/2A∥2

= −1

2

∥∥F1/2(υ − υ∗)− F
−1/2A

∥∥2 + f(υ)− f(υ∗) +
1

2
∥F1/2(υ − υ∗)∥2.
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Proof. cont

As υ◦ ∈ A(r) and it maximizes g(υ) , we derive by (16) and Lemma 3

g(υ◦)− g(υ∗)− 1

2
∥F−1/2A∥2 = max

υ∈A(r)

{
g(υ)− g(υ∗)− 1

2
∥F−1/2A∥2

}
≤ max

υ∈A(r)

{
−1

2

∥∥F1/2(υ − υ∗)− F
−1/2A

∥∥2 + τ3
6
∥F1/2(υ − υ∗)∥3

}
≤ τ3

2
∥F−1/2A∥3 .

Now (14) follows from this and

g(υ◦)− g(υ∗)− 1

2
∥F−1/2A∥2

≥ max
υ∈A(r)

{
−1

2

∥∥F1/2(υ − υ∗)− F
−1/2A

∥∥2 − τ3
6
∥F1/2(υ − υ∗)∥3

}
≥ −τ3

3
∥F−1/2A∥3 .
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Proof. cont

For proving (21) use that ∇f(υ∗) = 0 , ∇g(υ◦) = 0 ,

∇f(υ◦) = ∇g(υ◦)−A = −A , and −∇2f(υ∗) = F . By Lemma 4 with

u = F−1A∥∥F−1/2{∇f(υ∗ + F
−1A) +A}

∥∥ ≤ τ3
2
∥F−1/2A∥2 . (17)

Further, by (1)∥∥F−1/2∇g(υ∗ + F
−1A)

∥∥ =
∥∥F−1/2{∇g(υ∗ + F

−1A)−A+A}
∥∥

≤
∥∥F−1/2{∇f(υ∗ + F

−1A) +A}
∥∥ ≤ τ3

2
∥F−1/2A∥2.

By definition ∇g(υ◦) = 0 . This yields

∥F−1/2{∇g(υ∗ + F
−1A)−∇g(υ◦)}∥ ≤ τ3

2
∥F−1/2A∥2 . (18)
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Proof. cont

Now we can use with ∆ = υ∗ + F−1A− υ◦

F
−1/2{∇g(υ∗ + F

−1A)−∇g(υ◦)}

=

(∫ 1

0
F
−1/2∇2g(υ◦ + t∆)F−1/2 dt

)
F
1/2∆ .

By (1) ∇2g(υ) = ∇2f(υ) for all υ . If ∥F1/2(υ − υ∗)∥ ≤ r , then (T ∗
3 )

implies ∥F−1/2∇2f(υ)F−1/2 + Ip∥ ≤ ω+ ≤ τ3 r ≤ 1/3 . Hence,

∥F−1/2{∇g(υ∗ + F
−1A)−∇g(υ◦)}∥ ≥ (1− ω+)∥F1/2(υ◦ − υ∗ − F

−1A)∥ .

This and (26) yield

∥F1/2(υ◦ − υ∗ − F
−1A)∥ ≤ τ3

2(1− ω+)
∥F−1/2A∥2 ≤ 3τ3

4
∥F−1/2A∥2 ,

and (21) follows.
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A nice home exercise

Lemma

For any ξ ∈Rp with ∥ξ∥ ≤ 2r/3 and τ with τ r ≤ 1/2 , it holds

max
∥u∥≤r

(τ
3
∥u∥3 − ∥u− ξ∥2

)
≤ τ

2
∥ξ∥3 , (19)

min
∥u∥≤r

(τ
3
∥u∥3 + ∥u− ξ∥2

)
≤ τ

3
∥ξ∥3 . (20)
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Proof

Any maximizer u of the left hand-side of (19) satisfies

τ∥u∥1/2u− 2(u− ξ) = 0 .

Therefore, u = ρξ for some ρ , reducing the problem to the univariate case:

max
∥u∥≤r

(τ
3
∥u∥3 − ∥u− ξ∥2

)
= ∥ξ∥2 max

ρ : ∥ρξ∥≤r

(τ∥ξ∥
3

ρ3 − (ρ− 1)2
)
.

Define a = τ∥ξ∥ . The conditions ∥ξ∥ ≤ 2r/3 and τ r ≤ 1/2 imply

a ≤ 1/3 and ∥ρξ∥ ≤ r implies |ρ| ≤ 3/2 . The function

aρ3/3− (ρ− 1)2 is concave on the interval |ρ| ≤ 3/2 and hence, the

maximizer ρ fulfills aρ2 − 2ρ+ 2 = 0 yielding

ρ =
1±

√
1− 2a

a
, |ρ| ≤ 3/2.
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Proof. cont

As a ∈ [0, 1/3] , we can only use

ρa =
1−

√
1− 2a

a
=

2

1 +
√
1− 2a

, ρa − 1 =
2a

(1 +
√
1− 2a)2

.

Therefore,

max
∥u∥≤r

(τ
3
∥u∥3 − ∥u− ξ∥2

)
=

τ∥ξ∥3ρ3a
3

− ∥ξ∥2(ρa − 1)2

=
τ∥ξ∥3

3

8(1 +
√
1− 2a)− 12a

(1 +
√
1− 2a)4

≤ τ∥ξ∥3

3
max

a∈[0,1/3]

8(1 +
√
1− 2a)− 12a

(1 +
√
1− 2a)4

≤ τ∥ξ∥3

2
.

With y = 1 +
√
1− 2a or −2a = (y − 1)2 − 1 = y2 − 2y , represent

ϕ(a)
def
=

8(1 +
√
1− 2a)− 12a

(1 +
√
1− 2a)4

=
8y + 6y2 − 12y

y4
=

6y − 4

y3
,

and the latter decreases with y ≥ 1 . As ϕ(1/3) ≤ 3/2 , (19) follows.
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Proof. cont

The proof of (20) is similar. The general case can be reduced to the univariate one by

using u = ρξ . With a = τ∥ξ∥ , the minimizer ρa reads as

ρa =
2

1 +
√
1 + 2a

, 1− ρa =

√
1 + 2a− 1√
1 + 2a+ 1

=
2a

(
√
1 + 2a+ 1)2

,

yielding for a ∈ [0, 1/3]

min
∥u∥≤r

(τ
3
∥u∥3 + ∥u− ξ∥2

)
=

τ∥ξ∥3ρ3a
3

+ ∥ξ∥2(ρa − 1)2

≤ τ∥ξ∥3

3
max

a∈[0,1/3]

8(1 +
√
1 + 2a) + 12a

(1 +
√
1 + 2a)4

,

and with y = 1 +
√
1 + 2a or 2a = y2 − 2y ,

max
a∈[0,1/3]

8(1 +
√
1 + 2a) + 12a

(1 +
√
1 + 2a)4

≤ max
y≥2

8y + 6y2 − 12y

y4
= max

y≥2

6y − 4

y3
= 1.
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3S* results

Proposition

Let f(υ) be a strongly concave function with f(υ∗) = maxυ f(υ)

and F = −∇2f(υ∗) . Assume (T ∗
3 ) at υ∗ with D2 , r , and τ3

such that

D
2 ≤ F, r ≥ 3

2
∥DF

−1A∥ , τ3∥DF
−1A∥ <

4

9
.

Then ∥D(υ◦ − υ∗)∥ ≤ (3/2)∥DF−1A∥ and moreover,

∥D−1
F(υ◦ − υ∗ − F

−1A)∥ ≤ 3τ3
4

∥DF
−1A∥2 . (21)

Linearly pertubed optimization: theory and applications · 7. Oktober 2024 · Seite 32 (61)



Proof

If the function f is quadratic and concave with the maximum at υ∗

then the linearly perturbed function g is also quadratic and concave

with the maximum at ῠ = υ∗ + F−1A .

In general, the point ῠ is not the maximizer of g , however, it is very

close to υ◦ . We use that ∇f(υ∗) = 0 and −∇2f(υ∗) = F . Then

(27) of Lemma 4 yields∥∥D−1∇g(ῠ)
∥∥ =

∥∥D−1{∇f(υ∗ + F
−1A)−∇f(υ∗) +A}

∥∥
≤ τ3

2
∥DF

−1A∥2 . (22)
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Proof. Cont.

As ∥DF−1A∥ ≤ 2r/3 , condition (T ∗
3 ) can be applied in the r/3 -vicinity

of ῠ . Fix any υ with ∥D(υ − ῠ)∥ ≤ r/3 and define ∆ = υ − ῠ . By (29)

of Lemma 4∥∥D−1{∇g(υ)−∇g(ῠ) + F∆}
∥∥ =

∥∥D−1{∇f(υ)−∇f(ῠ) + F∆}
∥∥

≤ 3τ3
2

∥D∆∥2 .

In particular, this and (22) yield∥∥D−1{∇g(ῠ +∆) + F∆}
∥∥ ≤ 2τ3∥D∆∥2 .

For any u with ∥u∥ = 1 , this implies∣∣〈∇g(ῠ +∆) + F∆,D−1u
〉∣∣ ≤ 2τ3∥D∆∥2 . (23)
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Proof. Cont.

Suppose now that ∥D∆∥ = r/3 and consider the function h(t) = g(ῠ + t∆) .

Then h′(t) = ⟨∇g(ῠ + t∆), ∆⟩ and (23) implies with u = D∆/∥D∆∥∣∣⟨∇g(ῠ +∆), ∆⟩+ ∥F1/2∆∥2
∣∣ ≤ 2τ3∥D∆∥3 .

As F ≥ D2 , this yields

h′(1) ≤ 2τ3∥D∆∥3 − ∥D∆∥2. (24)

Similarly, (22) yields by ∥DF−1A∥ = 2r/3

|h′(0)| =
∣∣⟨∇g(ῠ), ∆⟩

∣∣ ≤ τ3
2
∥DF

−1A∥2 ∥D∆∥ =
2τ3
9

r2 ∥D∆∥ . (25)

Concavity of g(·) ensures that t∗ = argmaxt h(t) satisfies |t∗| ≤ 1 if

h′(1) < −|h′(0)|, h′(−1) < |h′(0)|.
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Proof. Cont.

Due to (24), (25), and ∥D∆∥ = r/3 , the latter condition reads

2τ3
9

r2 ∥D∆∥+ 2τ3∥D∆∥3 − ∥D∆∥2 = ∥D∆∥ r
(2τ3 r

9
+

2τ3 r

9
− 1

3

)
< 0.

which is fulfilled because of τ3∥DF−1A∥ ≤ 4/9 and ∥DF−1A∥ = 2r/3 . We

summarize that υ◦ = argmaxυ g(υ) satisfies ∥D (υ◦ − ῠ)∥ ≤ r/3 while

∥D(ῠ − υ∗)∥ = ∥DF−1A∥ = 2r/3 . Therefore,

∥D(υ◦ − υ∗)∥ ≤ r.

This allows us to use (T ∗
3 ) at this point for establishing (21). By definition

∇g(υ◦) = 0 and hence,

∥D−1{∇g(υ∗ + F
−1A)−∇g(υ◦)}∥ ≤ τ3

2
∥DF

−1A∥2 . (26)
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Proof. cont.

By (29) of Lemma 4, it holds with ∆ = υ∗ + F−1A− υ◦

∥∥D−1{∇g(υ∗ + F
−1A)−∇g(υ◦)−∇2g(υ∗)∆}

∥∥ ≤ 3τ3
2

∥D∆∥2 .

Combining with (26) yields

∥D−1
F∆∥ ≤ 3τ3

2
∥D∆∥2 + τ3

2
∥DF

−1A∥2 ≤ 3τ3
2

∥D−1
F∆∥2 + τ3

2
∥DF

−1A∥2 .

As 2x ≤ αx2 + β with α = 3τ3 , β = τ3∥DF−1A∥2 , and

x = ∥D−1F∆∥ ∈ (0, 1/α) implies x ≤ β/(2− αβ) , this yields

∥D−1
F(υ◦ − υ∗ − F

−1A)∥ ≤ τ3
2− 3τ23 ∥DF−1A∥2

∥DF
−1A∥2

and (21) follows by τ3∥DF−1A∥ ≤ 4/9 .
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Lemma

Lemma

Assume (T ∗
3 ) at υ . Let Ur = {u : ∥Du∥ ≤ r} . Then

∥∥D−1
{
∇f(υ + u)−∇f(υ)− ⟨∇2f(υ),u⟩

}∥∥ ≤ τ3
2
∥Du∥2 , u ∈ Ur . (27)

Also for all u,u1 ∈ Ur∥∥D−1
{
∇2f(υ + u1)−∇2f(υ + u)

}
D

−1
∥∥ ≤ τ3 ∥D(u1 − u)∥ (28)∥∥D−1

{
∇f(υ + u1)−∇f(υ + u)−∇2f(υ)(u1 − u)

}∥∥ ≤ 3τ3
2

∥D(u1 − u)∥2 . (29)

Moreover, under (T ∗
4 ) , for any u ∈ Ur ,

∥∥D−1
{
∇f(υ + u)−∇f(υ)− ⟨∇2f(υ),u⟩ − 1

2
⟨∇3f(υ),u⊗2⟩

}∥∥ ≤ τ4
6
∥Du∥3 . (30)
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Proof

Denote

A
def
= ∇f(υ + u)−∇f(υ)− ⟨∇2f(υ),u⟩ .

For any vector w ∈Rp , (T ∗
3 ) and (12) imply∣∣⟨A,w⟩

∣∣ ≤ τ3
2
∥Du∥2 ∥Dw∥.

Therefore,

∥D−1A∥ = sup
∥w∥=1

∣∣⟨D−1A,w⟩
∣∣ = sup

∥w∥=1

∣∣⟨A,D−1w⟩
∣∣ ≤ τ3

2
∥Du∥2

which yields the first statement.

For (30), apply

A
def
= ∇f(υ + u)−∇f(υ)− ⟨∇2f(υ),u⟩ − 1

2
⟨∇3f(υ),u⊗2⟩

and use (T ∗
4 ) and (13) instead of (T ∗

3 ) and (12).
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Proof. cont.

Further, with B1
def
= ∇2f(υ +u1)−∇2f(υ +u) and ∆ = u1 −u , by (T ∗

3 ) ,

for any w ∈Rp and some t ∈ [0, 1] ,∣∣⟨D−1
{
∇2f(υ + u1)−∇2f(υ + u)

}
D

−1,w⊗2⟩
∣∣ = ∣∣⟨B1, (D

−1w)⊗2⟩
∣∣

=
∣∣〈∇3f(υ + u+ t∆), ∆⊗ (D−1w)⊗2

〉∣∣ ≤ τ3∥D∆∥ ∥w∥2 .

This proves (28). Similarly, for some t ∈ [0, 1]∣∣〈D−1
{
∇f(υ + u1)−∇f(υ + u)

}
−∇2f(υ + u)∆

}
,w

〉∣∣
=

1

2

∣∣〈∇3f(υ + u+ t∆), ∆⊗∆⊗D
−1w

〉∣∣ ≤ τ3
2
∥D∆∥2 ∥w∥

and with B = ∇2f(υ + u)−∇2f(υ) , by (28),∥∥D−1
B∆

∥∥ ≤ ∥D−1
BD

−1∥ ∥D∆∥ ≤ τ3∥D∆∥2 .

This completes the proof of (29).
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Lemma

Lemma

If 2x ≤ αx2 + β and x ∈ (0, 1/α) for αβ ≤ 1 , then

x ≤ β

2− αβ
.

Linearly pertubed optimization: theory and applications · 7. Oktober 2024 · Seite 41 (61)



Proof

The roots of αx2 + β = 2x satisfy

x =
1±

√
1− αβ

α

As x ≤ 1/α , we only consider

x ≤ 1−
√
1− αβ

α
=

αβ

α(1 +
√
1− αβ)

≤ β

1 + 1− αβ
.
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Hessian

Lemma

Assume D2 ≤ F and let some other matrix F1 ∈ Mp satisfy

∥D−1 (F1 − F)D−1∥ ≤ ω (31)

with ω < 1 . Then for any vector u

∥F−1/2 (F1 − F)F−1/2∥ ≤ ω , (32)

∥F1/2 (F−1
1 − F

−1)F1/2∥ ≤ ω

1− ω
, (33)

1

1 + ω
∥DF

−1
D∥ ≤ ∥DF

−1
1 D∥ ≤ 1

1− ω
∥DF

−1
D∥ , (34)

(1− ω)∥D−1
Fu∥ ≤ ∥D−1

F1u∥ ≤ (1 + ω)∥D−1
Fu∥ , (35)

1− 2ω

1− ω
∥DF

−1u∥ ≤ ∥DF
−1
1 u∥ ≤ 1

1− ω
∥DF

−1u∥ . (36)
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Proof

Statement (32) follows from (31) because of F−1 ≤ D−2 . Define now

U
def
= F−1/2 (F1 − F)F−1/2 . Then ∥U∥ ≤ ω and

∥F1/2 (F−1
1 − F

−1)F1/2∥ = ∥(I +U)−1 − I∥ ≤ 1

1− ω
∥U∥

yielding (33). Further,

∥D (F−1
1 − F

−1)D∥ = ∥DF
−1
1 F1(F

−1
1 − F

−1)F F−1
D∥

= ∥DF
−1
1 DD

−1(F1 − F)D−1
DF

−1
D∥

≤ ∥DF
−1
1 D∥ ∥DF

−1
D∥ ∥D−1(F1 − F)D−1∥ ≤ ω∥DF

−1
1 D∥ .

This implies (34).
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Proof. cont

Also, by D2 ≤ F

∥D−1
F1u∥ ≤ ∥D−1

Fu∥+ ∥D−1(F1 − F)D−1
Du∥ ≤ ∥D−1

Fu∥+ ω ∥Du∥

≤ ∥D−1
Fu∥+ ω∥D−1

Fu∥ ≤ (1 + ω)∥D−1
Fu∥ ,

and (35) follows. Similarly

∥D (F−1
1 − F

−1)u∥ = ∥DF
−1
1 (F1 − F)F−1u∥

= ∥DF
−1
1 D D

−1(F1 − F)D−1
DF

−1u∥

≤ ∥D−1 (F1 − F)D−1∥ ∥DF
−1
1 D∥ ∥DF

−1u∥

≤ ω

1− ω
∥DF

−1u∥

and (36) follows as well.
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Fourth order approximation

Proposition

Let f(υ) be a strongly concave function with f(υ∗) = maxυ f(υ) and

F = −∇2f(υ∗) , and let f(υ) follow (T ∗
3 ) and (T ∗

4 ) with some D2 ,

τ3 , τ4 , and r satisfying

D
2 ≤ F , r =

3

2
∥DF

−1A∥ , τ3∥DF
−1A∥ <

4

9
, τ4∥DF

−1A∥2 < 1

3
. (37)

Let g(υ) fulfill (1) with some vector A and g(υ◦) = maxυ g(υ) . Then

∥D(υ◦ − υ∗)∥ ≤ (3/2)∥DF−1A∥ . Further, define

a = F
−1{A+∇T (F−1A)} , (38)

where T (u) = 1
6⟨∇

3f(υ∗),u⊗3⟩ for u ∈Rp . Then

∥D−1
F(υ◦ − υ∗ − a)∥ ≤ (τ4/2 + τ23 ) ∥DF

−1A∥3 . (39)
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Proof

Proposition 5 yields (21). By (T ∗
3 )

∥D−1
F(a− F

−1A)∥ = ∥D−1 ∇T (F−1A)∥

= sup
∥u∥=1

3
∣∣⟨T ,F−1A⊗ F

−1A⊗D
−1u⟩

∣∣ ≤ τ3
2
∥DF

−1A∥2 . (40)

As D−1 F ≥ F1/2 ≥ D , this implies by τ3∥DF−1A∥ ≤ 4/9

∥Da∥ ≤ ∥DF
−1A∥+ ∥DF

−1 ∇T (F−1A)∥

≤
(
1 +

τ3
2
∥DF

−1A∥
)
∥DF

−1A∥ ≤ 11

9
∥DF

−1A∥ (41)

and

∥F1/2a− F
−1/2A∥ ≤ τ3

2
∥DF

−1A∥2 .
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Proof

Next, again by (T ∗
3 ) , for any w

∥D−1 ∇2T (w)D−1∥ = sup
∥u∥=1

6
∣∣⟨T ,w ⊗ (D−1u)⊗2⟩

∣∣ ≤ τ3∥Dw∥ .

The tensor ∇2T (u) is linear in u , hence for any t ∈ [0, 1]

∥D−1 ∇2T (ta+ (1− t)F−1A)D−1∥

≤ max{∥D−1 ∇2T (F−1A)D−1∥, ∥D−1∇2T (a)D−1∥}

≤ τ3 max{∥DF
−1A∥, ∥Da∥} .

Based on (41), assume ∥DF−1A∥ ≤ ∥Da∥ ≤ (11/9)∥DF−1A∥ . Then (40) yield

∥D−1∇T (a)−D
−1∇T (F−1A)∥

= D
−1 ∇2T (ta+ (1− t)F−1A)D−1∥ ∥DF

−1(a− F
−1A)∥

≤ τ23
2

∥DF
−1A∥2 ∥Da∥ ≤ 2τ23

3
∥DF

−1A∥3 .
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Proof

Further, −∇2f(0) = F , ∇T (a) = 1
2 ⟨∇

3f(0),a⊗ a⟩ . By (30) and (41)

∥∥D−1{∇f(a) + Fa−∇T (a)}
∥∥ ≤ τ4

6
∥Da∥3 ≤ (11/9)3τ4

6
∥DF

−1A∥3

≤ τ4
3
∥DF

−1A∥3 .

Next we bound
∥∥D−1{∇g(a)−∇g(υ◦)}

∥∥ . As ∇g(υ◦) = 0 , (1) and (38) imply∥∥D−1{∇g(a)−∇g(υ◦)}
∥∥ =

∥∥D−1∇g(a)
∥∥ =

∥∥D−1{∇g(a) + Fa−∇T (A)−A}
∥∥

≤
∥∥D−1{∇f(a) + Fa−∇T (a)}

∥∥+ ∥D−1{∇T (a)−∇T (A)}∥ ≤ ♢1 , (42)

where ♢1
def
=

τ4 + 2τ23
3

∥DF−1A∥3 , and by (37)

3τ3 ♢1 = τ3∥DF
−1A∥ τ4∥DF

−1A∥2 + 2τ33 ∥DF
−1A∥3 <

1

3
. (43)
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Proof

Further, ∇2g(0) = ∇2f(0) = −F , and (29) of Lemma 4 implies∥∥D−1{∇g(a)−∇g(υ◦) + F(a− υ◦)}
∥∥

=
∥∥D−1{∇f(a)−∇f(υ◦) + F(a− υ◦)}

∥∥ ≤ 3τ3
2

∥D(a− υ◦)∥2.

Combining with (42) yields in view of D2 ≤ F

∥D−1
F(a− υ◦)∥ ≤ 3τ3

2
∥D(a− υ◦)∥2 +♢1 ≤ 3τ3

2
∥D−1

F(a− υ◦)∥2 +♢1 .

As 2x ≤ αx2 + β with α = 3τ3 , β = 2♢1 , and x ∈ (0, 1/α) implies

x ≤ β/(2− αβ) , we conclude by (43)

∥D−1
F(a− υ◦)∥ ≤ ♢1

1− 3τ3 ♢1
≤ τ4 + 2τ23

2
∥DF

−1A∥3 ,

and (39) follows.
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Quadratic penalization

Here we discuss the case when g(υ)− f(υ) is quadratic.

The general case can be reduced to the situation with

g(υ) = f(υ)− ∥Gυ∥2/2 . To make the dependence of G more

explicit, denote fG(υ)
def
= f(υ)− ∥Gυ∥2/2 ,

υ∗ = argmax
υ

f(υ),

υ∗
G = argmax

υ
fG(υ) = argmax

υ

{
f(υ)− ∥Gυ∥2/2

}
.

We study the bias υ∗
G − υ∗ induced by this penalization.
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Quadratic case

Lemma

Let f(υ) be quadratic with F ≡ −∇2f(υ) . Define

SG ≡ −G2υ∗.

Then it holds with FG = F +G2

υ∗ − υ∗
G = F

−1
G SG = −F

−1
G G2υ∗,

fG(υ
∗
G)− fG(υ

∗) =
1

2
∥F−1/2

G SG∥2 =
1

2
∥F−1/2

G G2υ∗∥2 .
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Proof

Quadraticity of f(υ) implies quadraticity of fG(υ) with

∇2fG(υ) ≡ −FG and

∇fG(υ
∗)−∇fG(υ

∗
G) = FG (υ∗

G − υ∗).

Further, ∇f(υ∗) = 0 yielding ∇fG(υ
∗) = SG = −G2υ∗ . Together

with ∇fG(υ
∗
G) = 0 , this implies

υ∗ − υ∗
G = F

−1
G SG.

The Taylor expansion of fG at υ∗
G yields

fG(υ
∗)− fG(υ

∗
G) = −1

2
∥F1/2

G (υ∗ − υ∗
G)∥2 = −1

2
∥F−1/2

G SG∥2

and the assertion follows.
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A general case under (T ∗
3 )

Proposition

Let fG(υ) = f(υ)− ∥Gυ∥2/2 be concave and follow (T ∗
3 ) with some

D2 , τ3 , and r satisfying

D
2 ≤ FG , r ≥ 3bG/2 , τ3 bG < 4/9,

where bG = ∥DF
−1
G G2υ∗∥ . Then

∥D(υ∗
G − υ∗)∥ ≤ 3bG/2.

Moreover, ∥∥D−1
FG(υ

∗
G − υ∗ + F

−1
G G2υ∗)

∥∥ ≤ 3τ3
4

b2G ,∣∣∣2fG(υ∗
G)− 2fG(υ

∗)− 1

2
∥F−1/2

G G2υ∗∥2
∣∣∣ ≤ τ3

2
b3G .
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Proof

Define gG(υ) by

gG(υ)− gG(υ
∗
G) = fG(υ)− fG(υ

∗
G) + ⟨G2υ∗,υ − υ∗

G⟩. (44)

The function fG is concave, the same holds for gG from (44).

Hence, ∇gG(υ
∗) = 0 implies υ∗ = argmax gG(υ) . By definition,

∇f(υ∗) = 0 yielding ∇fG(υ
∗) = −G2υ∗ +G2υ∗ = 0 .

Now the results follow from Propositions 5 and 3 applied with

f(υ) = gG(υ) = fG(υ)− ⟨A,υ⟩ , g(υ) = fG(υ) , and

A = G2υ∗ .
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Penalization bias under fourth-order smoothness

Define FG = −∇2f(υ∗) +G2 , SG = G2υ∗ , and

mG = F
−1
G {SG +∇T (F−1

G SG)}

with T (u) = 1
6
⟨∇3f(υ∗),u⊗3⟩ .

(T ∗
4 ) f(υ) is strongly concave, D2 ≤ ∇2f(υ) , and

sup
u : ∥Du∥≤r

sup
z∈Rp

∣∣⟨∇4f(υ + u), z⊗4⟩
∣∣

∥Dz∥4
≤ τ4 .

Typically τ3 ≍ n−1/2 and τ4 ≍ n−1 .
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An advanced bound

Proposition

Let f be concave and υ∗ = argmaxυ f(υ) . With FG = −∇2f(υ∗) +G2 . Let

f(υ) follow (T ∗
3 ) and (T ∗

4 ) with some D2 , τ3 , τ4 , and r satisfying

D
2 ≤ FG , r =

3

2
bG , τ3 bG <

4

9
, τ4 b

2
G <

1

3
.

with bG = ∥DF
−1
G G2υ∗∥ . Define

mG = F
−1
G {G2υ∗ +∇T (F−1

G G2υ∗)}

with T (u) = 1
6 ⟨∇

3f(υ∗),u⊗3⟩ and ∇T = 1
2 ⟨∇

3f(υ∗),u⊗2⟩ . Then

∥D−1
FG(υ

∗ − υ∗
G −mG)∥ ≤ τ4 + 2τ23

2
b3G .
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Lecture 2

■ Statistical inference for nonlinear regression. DNN training.

■ Gaussian variational inference

■ Bayesian optimization
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Statistical problem. Penalized maximum likelihood

Let L(υ) be a random function, υ ∈ Υ ⊆Rp , p < ∞ .

Given a quadratic penalty ∥Gυ∥2/2 , define

LG(υ) = L(υ)− ∥Gυ∥2/2.

Consider

υ̃G = argmax
υ

LG(υ) = argmax
υ

{
L(υ)− 1

2
∥Gυ∥2

}
;

υ∗
G = argmax

υ
E LG(υ) = argmax

υ

{
E L(υ)− 1

2
∥Gυ∥2

}
;

υ∗ = argmax
υ

E L(υ);

Aim: describe the estimation loss υ̃G − υ∗ and the prediction loss

(excess) LG(υ̃G)− LG(υ
∗) .
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Point of departure: a linear model

■ A linear model Y = Ψ⊤υ + ε

■ a quadratic penalty penG(υ) = ∥Gυ∥2/2 .

■ Penalized MLE: with FG
def
= ΨΨ⊤ +G2

υ̃G = F−1
G ΨY ,

2LG(υ̃G)− 2LG(υ
∗
G) = ∥F−1/2

G Ψε∥2 .

where υ∗
G = F−1

G ΨEY .

Loss, bias-variance decomposition:

υ̃G − υ∗ = F−1
G Ψε+F−1

G G2υ∗,

E
∥∥Q(υ̃G − υ∗)

∥∥2
= tr{QF−1

G Var(Ψε)F−1
G Q⊤}+ ∥QF−1

G G2υ∗∥2.
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SLS models

Stochastic component ζ(υ)
def
= L(υ)−EL(υ) is linear in υ :

∇ζ
def
= ∇ζ(υ);

The function f(υ) = EL(υ) is smooth and concave in υ .

Consider

υ̃G = argmax
υ

LG(υ) = argmax
υ

{
L(υ)− 1

2
∥Gυ∥2

}
;

υ∗
G = argmax

υ
E LG(υ) = argmax

υ

{
E L(υ)− 1

2
∥Gυ∥2

}
;

υ∗ = argmax
υ

E L(υ);
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Conditions

(CG) The function ELG(υ) is concave on Υ which is open

and convex set in Rp .

(ζ) The stochastic component ζ(υ) = L(υ)−EL(υ) is

linear in υ , ∇ζ ≡ ∇ζ(υ) ∈Rp .

Linearly pertubed optimization: theory and applications · 8. Oktober 2024 · Seite 6 (60)



Smoothness conditions

f(υ) = ELG(υ) is smooth: for k = 3 (and may be k = 4 )

(T ∗
3 ) f(υ) is strongly concave, D2 ≤ ∇2f(υ) , and

sup
u : ∥Du∥≤r

sup
z∈Rp

∣∣⟨∇3f(υ + u), z⊗k⟩
∣∣

∥Dz∥3
≤ τ3 .

Banach’s characterization [Banach, 1938] yields for k ≥ 2∣∣⟨∇kf(υ + u), z1 ⊗ . . .⊗ zk⟩
∣∣ ≤ τk∥Dz1∥ . . . ∥Dzk∥ .

If f(υ) = ELG(υ) scales with n , then the same holds for ∇kf(υ) and

τ3 ≍ n−1/2 , τ4 ≍ n−1 .
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Deviation bounds for ∇ζ

By (ζ) , it holds for ζ(υ) = L(υ)−EL(υ)

∇ζ(υ) ≡ ∇ζ.

(∇ζ) There exists V 2 ≥ Var(∇ζ) s.t. ξ
def
= V −1∇ζ

satisfies for any considered x > 0 and B ∈ Mp

P
(
∥B1/2ξ∥ ≥ z(B, x)

)
≤ 3e−x,

z2(B, x)
def
= trB + 2

√
x trB2 + 2x∥B∥ .

Alternative formulation: on Ω(x) with P
(
Ω(x)

)
≥ 1− 3e−x

∥B1/2ξ∥ ≥ z(B, x).
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SLS models: Fisher and Wilks expansions

With the metric tensor D from (T ∗
3 ) , define

rD = z(BD, x), BD
def
= Var(DF−1

G ∇ζ), FG = FG(υ
∗
G).

Theorem (Fisher and Wilks expansions)

Assume (CG) , (ζ) , (∇ζ) , and (T ∗
3 ) with D , r , and τ3 s.t.

D2 ≤ FG, r ≥ 3

2
rD , τ3 rD <

4

9
,

Then on Ω(x)∥∥D−1
FG(υ̃G − υ∗

G −F−1
G ∇ζ

)
∥ ≤ 3τ3

4
∥DF−1

G ∇ζ∥2 ,∣∣2LG(υ̃G)− 2LG(υ
∗
G)− ∥F−1/2

G ∇ζ∥2
∣∣ ≤ τ3 ∥DF−1

G ∇ζ∥3 .
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Smoothness and bias

Compare

υ∗
G = argmax

{
EL(υ)− 1

2
∥Gυ∥2

}
, υ∗ = argmaxEL(υ).

Proposition

Let

bG
def
= ∥DF−1

G G2υ∗∥.

Assume (T ∗
3 ) with r = (3/2)bG and let τ3 bG ≤ 1/2 . Then

∥D−1
FG(υ

∗
G − υ∗ +F−1

G G2υ∗)∥ ≤ 3τ3
4

b2G .
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Expansion for PMLE

Theorem

For any linear Q

∥Q(υ̃G − υ∗ −F−1
G ∇ζ +F−1

G G2υ∗)∥

≤ ∥QF−1
G D∥ 3τ3

4

(
∥DF−1

G ∇ζ∥2 + b2D
)

Linearly pertubed optimization: theory and applications · 8. Oktober 2024 · Seite 11 (60)



Risk of estimation

Fix Q : Rp →R
q and define

pD
def
= trVar(DF−1

G ∇ζ) , bD = ∥DF−1
G G2υ∗∥ ,

pQ
def
= trVar(QF−1

G ∇ζ) , bQ = ∥QF−1
G G2υ∗∥ ,

RQ
def
= E{∥QF−1

G (∇ζ −G2υ∗)∥2 1IΩ(x)} ≤ pQ + b2Q .

Theorem

E
{
∥Q(υ̃G − υ∗)∥ 1IΩ(x)

}
≤ R1/2

Q + ∥QF−1
G D∥ 3τ3

4

(
pD + b2D

)
,

(1− αQ)
2RQ ≤ E

{
∥Q (υ̃G − υ∗)∥2 1IΩ(x)

}
≤ (1 + αQ)

2RQ

provided αQ
def
=

∥QF−1
G D∥ (3/4)τ3 (pD + b2D)√

RQ

< 1 .
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Effective and critical dimension. Full-dimensional case

With n = λmin(D
2) , Q = D = n1/2

Ip , and RG = pG + b2G

E
{
∥n1/2 (υ̃G − υ∗)∥2 1IΩ(x)

}
= RG

(
1± τ3

√
RG

)
.

A sharp bound under τ3
√
pG ≪ 1 and τ3 bG ≪ 1 .

Critical dimension: with τ3 ≍ n−1/2

pG ≪ n.
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Nonlinear regression

Let observations Y1, . . . , Yn follow the nonlinear regression model

Yi = m(Xi,θ) + εi

with independent zero mean errors εi .

Target parameter θ ∈ Θ ⊂Rp for p large/infinite.

Example in mind: θ codes the architecture of a DNN.

Aim: estimation/inference on θ .

Least squares estimation (Gauss, Legendre):

θ̃ = argmin
θ

∥Y −m(Xi,θ)∥2.

Problems: L(θ) is not concave, the gradient ∇ζ(θ) = ∇m(θ)ε of the

stochastic component depends on θ , both SLS assumptions fail.
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Enforcing a stochastic linearity by calming

Calming = (pre)smoothing + relaxation + regularization.

(Pre)smoothing (or dual representation/kernelization/observables):

Z = ΦY , Φ : Rn →R
q .

Further, define M(θ)
def
= Φm(θ) and represent

Y = m(θ) + ε → ΦY ≈ η +Φε and η ≈ M(θ).

Then ∥Y −m(θ)∥2 transforms to

∥ΦY − η∥2 + λ∥Φm(θ)− η∥2 = ∥Z − η∥2 + λ∥M(θ)− η∥2

with a Lagrange multiplier λ . Leads to

2L (θ,η) = −∥Z − η∥2−λ∥M(θ)− η∥2 ,

2LG(θ,η) = −∥Z − η∥2−λ∥M(θ)− η∥2−∥Gθ∥2 − ∥Γη∥2
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Procedure

Consider (with λ = 1 )

L (θ,η) = −1

2
∥SY − η∥2 − 1

2
∥Sm(θ)− η∥2

= −1

2
∥Z − η∥2 − 1

2
∥M(θ)− η∥2

υ̃G is given by

LG(υ) = L (θ,η) = −1

2
∥Z − η∥2 − 1

2
∥M(θ)− η∥2 − 1

2
∥Gθ∥2,

υ̃G = argmax
υ∈Υ

LG(υ).

Profile MLE: θ̃G = argmax
θ

max
η

LG(υ).
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Definitions

With m∗ = EY and M ∗ = Sm∗

υ∗ = argmin
υ=(θ,η)∈Υ

{
∥M ∗ − η∥2 + ∥M (θ)− η∥2

}
,

υ∗
G = argmin

υ=(θ,η)∈Υ

{
∥M ∗ − η∥2 + ∥M (θ)− η∥2 + ∥Gθ∥2

}
.

The θ -component θ∗ of υ∗ (resp. θ∗
G of υ∗

G ) solves the original

problem in which the smoothed response Z = S Y is replaced by the

auxiliary parameter η∗ (resp. η∗
G ):

θ∗ = argmin
θ∈Θ

∥M (θ)− η∗
G∥2 ,

θ∗
G = argmin

θ∈Θ

{
∥M(θ)− η∗

G∥2 + ∥Gθ∥2
}
.
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Conditions. Warm start

Let

D2(θ) =
1

2
∇M (θ) ∇M (θ)⊤ =

1

2

q∑
j=1

∇Mj(θ) ∇Mj(θ)
⊤ ∈ Mp .

For an initial guess θ0 , define D0 = D(θ0) and

Θ◦ =
{
θ : ∥D0(θ − θ0)∥ ≤ r0

}
(θ∗) It holds θ∗ ∈ Θ◦ and θ∗

G ∈ Θ◦ .

Conditions of this kind are often applied in nonlinear optimization for

studying, e.g. Gauss-Newton iterations; see e.g. [Gratton et al., 2007].

Linearly pertubed optimization: theory and applications · 8. Oktober 2024 · Seite 18 (60)



Conditions. Smoothness / self-concordance

With

D2(θ) =
1

2
∇M (θ) ∇M (θ)⊤ , D0 = D(θ0) ,

assume

(∇M) For some ω+ ≤ 1/3 and any θ ∈ Θ◦ , it holds

(1− ω+)D2
0 ≤ D2(θ) ≤ (1 + ω+)D2

0.

(∇kM) For k ∈ {2, 3, 4} and small κ ≥ 0 , uniformly over

θ ∈ Θ◦ and u ∈Rp

q∑
j=1

⟨∇kMj(θ),u
⊗k⟩2 ≤ κ2k−2 ∥D0u∥2k .
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Errors

For ζ(υ∗) = L (υ)−EL (υ) , it holds

∇ζ =

(
0

∇ηζ

)
=

(
0

Sε

)
,

Bounding ∇ζ can be easily reduced to a similar question for Sε .

(Sε) The vector Sε satisfies for all considered x > 0

P
(
∥Sε∥ > z(V 2, x)

)
≤ 3e−x,

where

V
2 def
= Var(Sε) = S Var(ε)S⊤,

z(V 2, x)
def
=

√
trV 2 +

√
2x ∥V 2∥ .

[Spokoiny, 2024b], [Spokoiny, 2024a].
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Full dimensional information matrix and identifiability

With

L (θ,η) = −1

2
∥Z − η∥2 − 1

2
∥M (θ)− η∥2

it holds

FG(υ)
def
= −∇2LG(υ) =

(
FG(υ) −∇M(θ)

−∇M(θ)⊤ 2 Iq

)
with the upper left diagonal block

FG(υ)
def
= ∇M(θ)∇M(θ)⊤ +

q∑
j=1

{Mj(θ)− ηj}∇2Mj(θ) +G2 .

Define F
def
= F (υ∗

G) .
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Full dimensional information matrix and metric tensor

With

D2(θ) =
1

2
∇M (θ) ∇M(θ)⊤

and D2 = D2(θ∗
G) , define

D2 = block{D2, Iq} .

Lemma

It holds

F−1
G ≤ 2

(
(D2 + 2G2)−1 0

0 Iq

)
.
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Main results

With MG = (G2θ∗, 0) , define

bD
def
= ∥DF−1

G MG∥ ≤ 2 ∥DF−1
G G2θ∗∥ .

Theorem

Let rD
def
= 2z(V 2, x) and

r0 κ <
1

4
, r0 ≥

3

2
(rD ∨ bD) , τ3 (rD ∨ bD) <

2

9
.

It holds on Ω(x) with for any linear mapping Q on θ∥∥Q{θ̃G − θ∗ − (F−1
G ∇ζ)θ + (F−1

G MG)θ}
∥∥

≤ ∥QD−1∥ 3τ3
2

(
∥2Sε∥2 + b2D

)
.
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Risk bounds

Also, define

pQ
def
= trVar

{
Q(F−1

G ∇ζ)θ
}
,

RQ
def
= E

{∥∥Q(F−1
G ∇ζ)θ −Q(F−1

G MG)θ
∥∥2

1IΩ(x)

}
≤ pQ + ∥Q (F−1

G MG)θ∥2 .

Theorem

With spD = E∥DF−1
G ∇ζ∥2 ≤ E∥2Sε∥2 , it holds

E
{
∥Q(θ̃G − θ∗)∥ 1IΩ(x)

}
≤

√
RQ + ∥QD−1∥ 3τ3

2

(
spD + b2D

)
.
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Critical dimension

Define the full effective dimension

spD = E∥2Sε∥2 ≤ 4σ2 q

The effective sample size n is defined via the constant κ from

(∇kM) . We use

τ3 ≍ κ ≍ n−1/2.

The results require

spG ≪ n.
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Matrix complition

Suppose that a matrix Y = (Yij) ∈Rp×q is partly observed with noise:

Yij = Xij + εij , (i, j) ∈ G,

where G describes the “design”. The goal is to recover the matrix X = (Xij)

under a “low-rank” condition. The latter yields the representation

X = U ΛV ⊤ =
∑
m

λm um v⊤
m , (1)

where Λ = diag(λ1, . . . , λr) , U = (u1, . . . ,ur) ∈Rp×r ,

V = (v1, . . . ,vr) ∈Rp×r , and the vectors um are orthonormal in Rp while

vm are orthonormal in Rq . In the case when all the eigenvalues λj are different

and ordered by absolute values |λ1| > . . . > |λr| , representation (1) is unique.
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Matrix completion and identifiability

Let now (Tk) be a collection of “templates” in Rp×q , k = 1, . . . ,K . A typical

example is of the form

T = diag(δi)1p×q diag(δ′j),

where 1p×q is the matrix of ones in Rp×q and (δ1, . . . , δp) , (δ′1, . . . , δ
′
q) are

obtained as independent Bernoulli r.v.’s. Informally, we include in the template T
each row i with probability α1,i and each column j with probability α2,j . Define

z(T )
def
= ⟨X, T ⟩ =

∑
(i,j)∈G

Tij Xij

Z(T )
def
= ⟨Y , T ⟩ =

∑
(i,j)∈G

Tij Yij .

Also introduces “observables” Zk and the image parameters zk

Zk = ⟨Y , Tk⟩, zk = ⟨X, Tk⟩.
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Matrix completion and identifiability

The whole set of parameters include orthonormal vectors U = (u1, . . . ,ur) in

R
p and V = (v1, . . . ,vr) in Rq , the vector of eigenvalues

λ = (λ1, . . . , λr)
⊤ , and the image vector z = (zk) leading to the log-likelihood

L (U ,V ,λ, z) = −1

2
∥Z − z∥2 − 1

2

K∑
k=1

∣∣zk − ⟨Tk,UΛV ⊤⟩
∣∣2

= −1

2

K∑
k=1

|⟨Y , Tk⟩ − zk|2 −
1

2

K∑
k=1

∣∣∣∣zk −
r∑

m=1

λm u⊤
mTk vm

∣∣∣∣2 .
(Near) orthonormality of the um ’s and vm ’s can be enforced by the penalty

µ
(
∥U⊤U − Ir∥2Fr + ∥V ⊤V − Ir∥2Fr

)
.
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Full dimensional information matrix and identifiability

Identifiability of the model is supported by a penalty
∑

m g2mλ
2
m on the eigenvalues

λ1, . . . , λr with g21 < . . . < g2r . Finally, to distinguish between um and −um ,

add the penalty ∥U −E∥2Fr =
∑

m ∥um − em∥2 for given orthonormal vectors

em and similarly for vm .

In total

L (U ,V ,λ, z) = −1

2
∥Z − z∥2 − 1

2

K∑
k=1

∣∣zk − ⟨Tk,UΛV ⊤⟩
∣∣2

− µg

2

r∑
m=1

g2mλ
2
m

− µo

2

(
∥U⊤U − Ir∥2Fr + ∥V ⊤V − Ir∥2Fr

)
− µe

2

(
∥U −E∥2Fr + ∥V −E′∥2Fr

)
. (2)
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Full dimensional information matrix and identifiability

The whole procedure includes the following steps:

■ Fix a collection of templates Tk and compute Zk = ⟨Tk,Y ⟩ ;

■ Fix the matrices E = (e1, . . . , er) ∈Rp×r with E⊤E = Ir
and similarly E′ = (e′

1, . . . , e
′
r) ∈Rq×r with E′⊤E′ = Ir

■ Solve the maximization problem υ̃ = argmaxυ L (υ) for

L (υ) from (2) by alternating optimization.

■ Build X̃ using the solution υ̃ e.g.

X̃ = Ũ diag(λ̃) Ṽ
⊤
=

r∑
m=1

λ̃m ũm ṽ⊤
m .

■ If necessary, redesign E and E′ and repeat.
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Gaussian mixture

With ϕ(x) = C exp(−∥x∥2/2) , consider

f(x) =

∫
ϕ
(x−m

σ

)
dµ(m, σ) . (3)

Usually, the mixing measure µ is discrete with well separated atoms

{(mk, σk), k ∈ K } :

µ =
∑
k∈K

µk 1Imk,σk
.

Then µ = µθ with θ =
{
(µk,mk, σk), k ∈ K

}
, where

∑
k µk = 1 .

f(x) = f(x,θ) =
∑
k∈K

µk ϕ
(x−mk

σk

)
.

Later we consider µ = µθ =
∑

j µk δmk,σk
.
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Gaussian mixture

Let Xi be i.i.d. from f . Consider the problem of recovering the mixing measure µ

from the data. Given a family of test functions (ψj(x)) , define the observables

Zj
def
=

1

n

n∑
i=1

ψj(Xi) .

One example is given by a collection ψj(x) = ψ(∥x− xj∥2/s2j ) for a kernel ψ , a

fixed set of points xj and scalings sj , j ≤ q . Denote

ψj(m, σ)
def
=

∫
ψj(x)ϕ

(x−m

σ

)
dx

Under (3), it holds

EZj =

∫
ψj(x) f(x)dx =

∫∫
ψj(x)ϕ

(x−m

σ

)
dµ(m, σ) dx

=

∫
ψj(m, σ) dµ(m, σ) = µ(ψj).
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Gaussian mixture

The calming device suggests to introduce the image parameter z and the extended

log-likelihood L (υ) = L (θ, z) with

L (θ, z)
def
= −1

2
∥Z − z∥2 − 1

2
∥z − µθ(Ψ)∥2 ,

where µθ(Ψ) is a vector in Rq with the entries

µθ(ψj) =
∑
k∈K

µk ψj(mk, σk) .
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Gaussian mixture. Identifiability

To overcome the issue of identifiability problem, introduce a penalty

penκ(µ)
def
=

∑
k∈K

κ2
k µ

2
k ,

where κ2
k strictly increase with k . Such a penalty ensures identifiability if the true

weights µ∗
k of each component ϕmk,σk

are significantly different. Unfortunately, the

problem is not completely resolved if there are different components with nearly the

same weights µ∗
k . One possibility to make it fixed is by using an additional penalty

penG(θ) based on the distance of each mean mk from the origin (or any other

fixed point m0 ):

penG(m)
def
=

∑
k∈K

∥Gmk∥2 ,

where the matrix G identifies the distance from each mean mk to the origin. In

particular, one can use G2 = diag(g2j ) with g2j strictly increasing.
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Gaussian mixture

Altogether leads to the following approach: for υ = (θ, z) = {(µk,mk, σk), (zj)}
and pen(υ) = penκ(θ) + penG(m)

υ̃G = argmax
υ

{
L (υ)− 1

2
pen(υ)

}
= argmax

υ

{
−1

2
∥Z − z∥2 − 1

2
∥z − µθ(Ψ)∥2

− 1

2

∑
k∈K

∥Gmk∥2 −
1

2

∑
k∈K

κ2
k µ

2
k

}
.

The structural penalty ∥z − µθ(Ψ)∥2 creates some difficulties for the analysis,

however, it is deterministic and smooth in the scope of arguments.
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Deep Neural Network with one hidden layer

Let, for an input vector x = (xm) ∈Rd , the hidden layer transformation is given by

x(1) = σ(a+Wx),

where a ∈Rp , W :Rd →R
p , and σ is a coordinate-wise activating function,

e.g.

σ(t) = λ−1 log(1 + eλt).

The transformed vectors x(1) enter in the logistic regression model for binary labels

Yi

P(Y = 1
∣∣x(1)) = softmax(x(1)), P(Y = 0

∣∣x(1)) = 1− softmax(x(1)) .

The structure of this neuronal network is described by the structural parameter

υ = (a,W ) .
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Deep Neural Network with one hidden layer

Now consider the statistical problem of inference about this parameter given

independent data (Xi, Yi) . The corresponding log-likelihood involves the fidelity

term L(Y ,x(1)) =
∑

i ℓ(Yi, ηi) with ℓ(y, η) = yη − log(1 + eη) ,

ηi = softmax(x
(1)
i ) and the structural terms ∥X(1) − σ(a+WX)∥2 . We also

add some penalty on a = (aj) and W = (wmj) :

pen(a) =
1

2
∥T a∥2 =

1

2

∑
j

a2j T 2
j ,

pen(W ) =
1

2
⟨G,W ⟩2 =

1

2

∑
m,j

w2
mjG2

mj ,

with Tj and Gmj polynomially growing in j . This enables us to identify the most

informative nodes in the hidden layer and control the overall complexity of the

network.
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Deep Neural Network with one hidden layer

This results in maximization of the penalized log-likelihood

L (a,W,X(1)) = L(Y , softmax(X(1)))− µ

2
∥X(1) − σ(a+WX)∥2

−1

2
∥T a∥2 − 1

2
⟨G,W ⟩2

with a Lagrange multiplyer µ . The structural relation X(1) ≡ σ(a+WX) is

relaxed and replaced by the structural penalty µ
2 ∥X

(1) − σ(a+WX)∥2 .

Introducing the auxillary variable X(1) is not mandatory, one can use

X(1) ≡ σ(a+WX) . However, it can be useful, e.g. for an additional penalization.

One example of choosing the penalty on a and W is given by T 2
j = caj

2β , and

G2
mj = G2

j = cwj
2β for e.g. β = 2 and some constants ca, cw . Any prior

information about the input features X can be incorporated in the penalty

coefficients Am leading to a structure G2
mj = G2

m + G2
j , e.g.

G2
mj = cxm

2β + cwj
2β .
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Multilevel DNN

This construction extends to a K -layer network using recurrence

X(k) = σ(a(k) +W (k)X(k−1))

for k = 1, . . . ,K and X(0) = X . This leads to the log-likelihood

LG(X
(1),a(1),W (1), . . . ,X(K),a(K),W (K)) = L(Y ,X(K))

− 1

2

K∑
k=1

(
∥X(k) − σ(a(k) +W (k)X(k−1))∥2 + ∥T (k)a(k)∥2 + ⟨W (k),G(k)⟩2

)
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Outline

1 Statistical inference

Linear and SLS models

Nonlinear regression. Theoretical study

2 Structural modeling: Examples

Matrix completion

Gaussian mixture

Deep Neural Networks

3 Gaussian Variational Inference

4 Optimization vs sampling
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Gaussian VI

Let Pf ∼ exp f(x) . Denote by Nx,Z the Gaussian measure with

the mean x and covariance Z−1 , i.e. Nx,Z
def
= N (x,Z−1) .

Gauss VI: (xVI,ZVI) = arginf
x,Z

K (Nx,Z ∥Pf ).

Natural candidates:

1. Laplace: xVI ≈ argmax f(x) , ZVI ≈ −∇2f(x∗) ;

2. Moments: xVI ≈ EfX , Z−1
VI ≈ Varf (X) .

[Katsevich and Rigollet, 2023] argued for (2).
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Some literature

■ [David M. Blei and McAuliffe, 2017] Variational Inference: A review

for statisticians

■ [Zhang and Gao, 2020] Convergence rates of variational posterior

distributions

■ [Wang and Blei, 2019] Frequentist consistency of variational

Bayes

■ [Han and Yang, 2019] Statistical inference in mean-field

variational Bayes

■ [Challis and Barber, 2013] Gaussian Kullback-Leibler approximate

inference

■ [Alquier and Ridgway, 2020] Concentration of tempered posteriors

and of their variational approximations

■ [Lambert et al., 2023] Variational inference via Wasserstein

gradient flows
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Representation of the KL-divergence

The VI approach assumes minimizing of the KL-divergence

K (Nx,Z ∥Pf ) over all feasible x,Z . Here we rewrite this problem

in terms of local parameters a and S .

Lemma

For any x and any Z , it holds

K (Px,Z ∥Pf ) = C +
1

2
log det(Z−1)− p

2
−Ef(x+ γZ) .

with C depending on f and p only.
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Representation of the KL-divergence

With Cf
def
= log

∫
ef(sx+u) du and Cp = (2π)−p/2 , for any u ∈Rp

dPf

du
(x+ u) = e−Cf ef(x+u) ,

dPx,Z

du
(x+ u) = Cp det(Z1/2) e−∥Z1/2u∥2/2 .

This yields with γZ ∼ N (0,Z−1) and γ ∼ N (0, Ip)

Ex,Z log
dPx,Z

dPf

= Cf + log Cp −Ef(x+ γZ)−
1

2
E∥γ∥2 − 1

2
log det(Z−1) ,

and the result follows in view of E∥γ∥2 = p .
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Z -vicinity

With F = −∇2f(sx) , represent Z in the form

Z
−1/2 = F

−1/2 + S or F
1/4

Z
−1/2

F
1/4 = Ip + F

1/4 S F
1/4.

A vicinity of F using Kullback-Leibler divergence K (N
sx,F ∥Nsx,Z) .

Lemma

Let Z−1/2 = F−1/2 + S and U = F1/4 S F1/4 fulfill ∥U∥ ≤ ν < 1 . Then

K (N
sx,F ∥Nsx,Z)

= − log det(Ip + F
1/4 S F

1/4) +
1

2
tr
{
F(F−1/2 + S)2 − Ip

}
= − log det(Ip + U) + trU +

1

2
tr(FS2) ≥ 1

2
tr(FS2). (4)
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Proof

For two Gaussian distributions N
sx,F,Nsx,Z with the same mean sx

K (N
sx,F ∥Nsx,Z) =

1

2

{
− log det(F Z−1) + tr(FZ−1 − Ip)

}
= − log det

{
F
1/2(F−1/2 + S)

}
+

1

2
tr
{
F(F−1/2 + S)2 − Ip

}
= − log det(Ip + U) +

1

2
tr(FS2 + 2F1/2S)

and (4) follows by x− log(1 + x) ≥ 0 for any x > −1 .
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VI as optimization problem

Consider symmetric matrices S ∈ Mp such that for some ν < 1

∥F1/4 S F
1/4∥ ≤ ν . (5)

Lemma

With γ ∼ N (0, Ip) , a ∈Rp , and S ∈ Mp satisfying (5), define

H(a, S)
def
= − log det(F−1/2 + S)−Ef(sx+ a+ (F−1/2 + S)γ),

(â, Ŝ)
def
= argmin

(a,S)
H(a, S) .

Then the VI problem leads to minimization of the function H(a, S) :

(x̂, Ẑ)
def
= argmin

(x,Z)
K (Px,Z ∥Pf ) =

(
sx+ â, (F−1/2 + Ŝ)−2

)
.

Linearly pertubed optimization: theory and applications · 8. Oktober 2024 · Seite 48 (60)



VI problem revisited

For X ∼ Pf ∝ ef(x) , consider

sx = EfX, Σ = Var(X), F = −∇2f(sx).

Consider

H(a, S)
def
= − log det(F−1/2 + S)−Ef(sx+ a+ (F−1/2 + S)γ),

(â, Ŝ)
def
= argmin

(a,S)

H(a, S) .

A guess (a, S) = (0, 0) . How far from the solution (â, Ŝ) ?

Technical issue: anisotropic smoothness in a and S directions.

Fix Z−1/2 = F−1/2 + S and optimize w.r.t. a .
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Score

For Z−1/2 = F−1/2 + S fixed, consider H(a) = H(a, S)

â
def
= argmin

a
H(a) = argmax

a
Ef(sx+ a+ Z

−1/2γ) .

Main step: compute A = ∇H(0) and F = −∇2H(0) .

A guess: F ≈ F = −∇2f(sx) , A ≈ 0 up to fourth order.
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Hessian

Fix a and consider

h(t) = −Ef(sx+ ta+ Z
−1/2γ).

Lemma

The function h(t) = H(ta) is strongly convex and satisfies

h′′(t) = −
〈
E∇2f(sx+ ta+ Z

−1/2 γ),a⊗2
〉
.

Concavity of f(·) implies convexity of h .
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Evaluating h′′(0)

Lemma

It holds with F = −∇2f(sx)

h′′(0) = −E ⟨∇2f(sx+ γZ),a
⊗2⟩ ,

and with p = tr(DF−1D) and α = ∥DF−1D∥

∣∣h′′(0)− a⊤
Fa

∣∣ ≤ τ4(p + 2α)

2
∥Da∥2 . (6)
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Proof

It holds

−⟨∇2f(sx),a⊗2⟩ = a⊤
Fa .

For any u ∈Rp ,∣∣−⟨∇2f(sx+ γZ),u
⊗2⟩+ ⟨∇2f(sx),u⊗2⟩+ ⟨∇3f(sx),γZ ⊗ u⊗2⟩

∣∣
≤ 1

2
τ4 ∥DγZ∥2 ∥Du∥2.

With p = tr(D2F−1)

E∥DγZ∥2 = p .

Further, E⟨∇3f(sx),γZ ⊗ a⊗2⟩ = 0 and (6) follows.
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First derivative

Define for any direction a

h(t) = −Ef(sx+ ta+ Z
−1/2 γ).

Lemma

It holds with p = tr(DF−1D) , α = ∥DF−1D∥ ,

∣∣h′(0)
∣∣ ≤ τ4 (p + α)3/2

6
∥Da∥+ ♢4,1

1−♢
∥Da∥ .
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Proof

With γZ = Z−1/2γ , Taylor expansion of ∇f(sx+ γZ) yields for any

u ∈Rp∣∣⟨∇f(sx+ γZ),u⟩ − ⟨∇f(sx),u⟩ − ⟨∇2f(sx),γZ ⊗ u⟩

−1

2
⟨∇3f(sx),γF ⊗ γZ ⊗ u⟩

∣∣ ≤ 1

6
τ4 ∥DγZ∥3 ∥Du∥ . (7)

Also by Laplace approximation∣∣∇f(sx),a⟩ − 1

2
E⟨∇3f(sx),γF ⊗ γF ⊗ a⟩

∣∣ ≤ ♢4,1

1−♢
∥Da∥ .

Now we apply (7) with u = a and E∥DγF∥3 ≤ (p + α)3/2 . The use of

E⟨∇2f(sx),γF ⊗ a⟩ = 0 yields

∣∣E ⟨∇f(sx+ Z
−1/2γ),a⟩

∣∣ ≤ τ4 (p + α)3/2

6
∥Da∥+ ♢4,1

1−♢
∥Da∥.
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Accuracy

Theorem (3-bound)

∥∥F1/2â− F
−1/2A

∥∥ ≤ τ3∥F−1/2A∥3

Theorem (4-bound)

∥∥F1/2â− F
−1/2A− F

−1/2∇T (F−1A)
∥∥ ≤ C(τ 23 + τ4)∥F−1/2A∥3 .
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