Innopolis Olympiad in Mathematics for University Students
2024 April 25-28

Bagaun 1-4 moapa3yMeBaloT KpaTKHil IHCI0BOIH oTBeT, a 3aga4u 5-10 — 06ocHOBaHHOE pelieHue.

Tasks 1-4 require a short numerical answer, and tasks 5-10 require a detailed solution.

Cucrema onenunBanusi / Task score

1. TlepBuuHas oleHKA PeIIeHns KayKI0i 3aa491 BHICTABISETCS M0 H-0a/LIHLHOM TITKa/Ie COTJIacHO KPH-
TepHuaM OIeHUBaHMA. K K 3a1a4e HyzKeH TOJIbKO KPATKUil OTBET, TO IO Hell BBICTaBJIAeTCs JTUO0
0 6aJu10B, JIOO 5.

2. Jlnst kazk10if 33291 BRIIUCIsieTcs cpeauii 6at (M) no pesyaprataM ee peleHns BCeMu y9acT-
HUKAMU.

3. Becoroii koaddurment (K) KaxI0ii 331a91 BEIYUCIACTCS 10 HOPMYITe

K=3-05-M

4. BaJji1 KaxKJ0ro y4acTHUKA 3a KayK/1yl0 33/1a4y YMHOZXKAeTCs Ha BeCOBON Ko3a(pdunuent 3Toit 3a1a-
Ym.

5. Bamaaer, HaOpaHHbIe YYACTHUKOM, CYMMUPYIOTCS € MOCTEAYIONIUM OKPYTJIeHUEM 0 OJIuKauIero
HEeJI0TO B OOJIBIITYIO CTOPOHY.

1. Pre-score of the solution to each task is set on a 5-point scale according to the criteria. If the task
requires short answer then pre-score will be 0 or 5 points.

2. An average score (M) is calculated based on the results of all participants for each task.

3. The weighting factor (K) of each task is calculated using formula

K=3-05-M

4. Each participant’s score for each task is multiplied by the weighting factor of that task.

5. The points scored by the participant are summed and then rounded up to the nearest integer.



Task 1. /lana mocsie1oBATETbHOCTD Xy, 33/1aBaeMas A1 n > (0 PeKYPPEHTHBIM COOTHOIIEHUEM Ty, 1o =
Tna1 + 22, upu o = 0, 1 = 2. Boiuucjure

. $n+1
lim

n—oo Iy,

Okpyryinre 0TBET 110 COThIX. Kcm npenesna Her, ub0 OH OECKOHEYEH, 3AMUIIUTe B OTBET 9ucjI0 0.

Given a sequence x,, defined for n > 0 by the recurrent relation x,,o = x,11 + 2z, while xq = 0,

x1 = 2. Calculate
T,
lim —2t

n—oo In

Round your answer to two decimal places. If there is no limit or it is infinite, write down the number 0
as an answer.

Answer: 2

Solution (RUS). /lokazem, 4To IZ—:l < 3 mpu n > 3. JeiicrBuTeabHO,

Tni1 o Tpn + 21’n,1 =1+ 2$n,1
Tn Ln Ln

<14+2=3,

1o caenayer w3 —2— > 1 gna n > 3. JokazaHo.

Tn—1
[TockoJibKy mOC/Ie/10BATEIbHOCTD {z"—“} BO3pacTaeT ¥ OrpaHUYeHa, OHA UMEeT HPeJIeJI, a TOCKOIbKY
Tn

Tpi1 > T, > 0 (mpu n > 1), 970T IIpeses He MeHbIne 1 — mycTh ol pasen L > 1. Torma

n n 2 n— . n— 2
L= lim 2 gy e T2t g gy Tt 2
n—oo  Tp n—00 Tn n—oo Ty L

Y

oTkyaa L = 2.

Solution (ENG). Lets prove that = < 3 for n > 3. Really,

n n 2 n— 2 n—
37+1:33+.CE 1:1+33 1<1_’_2:7
which follows from 22— > 1 for n > 3. Proven.

Tn—1
Since the sequence {%} is increasing and bounded, it has a limit, and since z,; > x, > 0 (for
n > 1), the limit is not less than 1 — let it be equal to L > 1. Then

n n 27’7,7 . n— 2
L= lim 2t = gy Do Tt g o gy Tl gy 2
n—oo  Tp n—00 In n—oo Ty L

thus L = 2.



Task 2. Haiinure HauMeHBINNN MOJOKATEIbHBIM KOPEHb ypPaBHEHUA

T
61

1
/sgn[sinln—} dt = ——<

t 14 em
0

1, a>0
3nech [a] — mesras gacTh a (T1.e. HAMOOJIBITIEE TIEJI0E TUCJI0, He IpeBocxosIiee a), sgn(a) = < 0, a =0

-1, a<0
OkpyranTe OTBET J0 COTHIX. K ypaBHeHUe He nMeeT KopHeil, 3anumure B oTBeT ducio (.

Find the smallest positive root of the equation

T
61

1 e
inl —} dt = —
/Sgn[sm nt o

0

1, a>0
Here [a] is the integer part of a (i.e. the largest integer not exceeding a), sgn(a) =<0, a =0

-1, a<0
Round your answer to two decimal places. If the equation has no roots, write down the number 0 as an
answer.

Answer: 6635624

Solution (RUS). IIpeo6pa3yeM moibiHTErpaIbHOE BbIDAZKEHUE:
1
sgn [sin In ﬂ = sgn|—sinInt] = —sgn([sinln¢] + 1)

[Mockoabky [sinlnt] +1 > 0, mpuuem [sinlnt] +1 > 0 Tomabko mpu sinlnt > 0, moaeiHTErpaIbHOE
BBIPAsKeHNe OYIeT OTIIMTHO OT HYJIS TOJIBKO TpH e2™F < t < em+2mk (keZ).

Urak,
z 1 k,/ x 1
/sgn[sinln ﬂ dt = — Z A (e™ — 1) + / sgn[sinln ﬂ dt,
0 k=—o0 err+27rk/

!
rie k' — manbosiblee mesioe 4mC/I0, yAoBAeTBOpsIomee ™2 < .

—1 0o
1 e67r
27k g T —2rk
— . — 1) = — —1) - [ > — :
kZEwe (e"=1)=—(e" - 1) ’;:1: e 4o 1+ o

K 2ar(k'+1) _ ar(k'+1) _
o 2rk T (o7 . € _ _6
Z e (e"—1)=—(e"—1) 1
k=0

14e7
OcTanock 3aMeTUTh, 94T0 Opd k' = 2 moyduM
61

k/
1 efm — 1 e
2k s
Ze (6 ) 1+e7r 1+€7r 1+67r’

k=—00

oTkyna e”™ < z < %7, u uckoMoe HamMeHbIIee T paBHO €7 ~ 6635623.9993 ~ 6635624.

Solution (ENG). Lets transform the integrand:

1
sgn [sin In ﬂ = sgn[—sinInt] = —sgn([sinIn¢] + 1)



Since [sinlnt]4+1 > 0, and [sinlnt]+ 1 > 0 only for sinlnt¢ > 0, the integrand will be non-zero only for
e’k <t < ek (ke 7).
So,

x x

k/
1 1
/sgn[sin In ﬂ dt = — k:EOO ermE L (e™ —1) + / sgn[sin In ﬂ dt,

0 €7r+277k’/
where & is the largest integer satisfying e™*™ < z.
-1 [e'¢) 1 BGW
21k s T —27k
— . —1)=—(e"—-1)- = — > — ;
Ze (6 ) (6 ) Ze 1+ e7 1+67r’
k=—00 k=1
K (K +1) _ | oar(k/+1) _ |
2k s s e €
—Ze (=) =" 1) — - 7r
— em —1 1+e
It remains to note that for k' = 2 we get
k,/
1 6mr 1 67
B DU B L S
14em 14em 14em

k=—o00

thus €™ < x < %", and the required smallest z is equal to €™ ~ 6635623.9993 ~ 6635624.

Task 3. PaccmarpuBaercs Mmojenb reoMerpun JIobaueBCKOTo B IUCKe eBKIUI0BA paauyca 1. [Ipu kakom
HAMMEHbIIIEM HATYyPaJbHOM 1. > 3 MOXKHO OIKCATh HPABUWILHBIA I'UIIEPOOINYECKUN N-YTOJBHUK OKOJIO
rutepOoMIecKoil OKPYKHOCTH THIIEPOOInIecKoro paanyca 27 Ecan Takux HATypaJabHBIX 1 He CyIIe-
CTBYET, 3aMUATIATE B OTBeT uncio (.

Consider a disk of Euclidean radius 1 as a model of Lobachevskian geometry. Calculate the smallest
integer n > 3 such that there is a regular hyperbolic n-gon with hyperbolic circle of hyperbolic radius
2 inscribed. If there are no such integer n, write down the number 0 as an answer.

Answer: 12

Solution (RUS). Paccmorpum monens Kieiina: B Heil runepbosimyeckne mpsiMble, Ha KOTOPBIX
JIEYKaT CTOPOHBI TPeOYeMOro n-yroJabHUKA, — 3TO XOP/Ibl OKPYZKHOCTH, OTPDAHUYUBAIONIEH MOIEIb, a TH-
1epOOIUIECKHe OKPYKHOCTH — 9TO JIMOO JIIUICHI, JIUOO OKPYKHOCTH, IEHTPHl KOTOPBIX COBIAJIAIOT C
HEeHTPOM MOJIed. BBUY HHBAPDHAHTHOCTH OTHOCUTEIBHO JBUKEHUHN, TOCTATOUHO PACCMOTPETh OKPY K-
HOCTH € TIEHTPOM B 1ieHTpe O MOJ1e/11, HUMEIONTY 0 THIepOoJInIecKuil Paauyc 2 u eBKJII0B paauyc r < 1.
B mpenesbHOM ciiyuae BepIIMHBI MHOTOYTOJBHUKA JI€YKAT HA TPAHUIE MOJEJNW, ¥ BBHUAY TOTO, 9TO II0-
BOPOT BOKDYT IEHTPA MOJEIN — 3TO JIBUKEHUE, UMeeM

4

=1

[S)
—




Bnech AB — npejebHOe MOJNOXKEHHEe CTOPOHBI TpeOyeMoro n-yroibHuka, torga ZAOT = T, oTkyna

cosT >r = n > —ZL—. Ocrajoch BHIYUCIUTDH €BKJIUJIOB PAJUYC T, 3HAsd THNEePOOJIHYeCKUil pauyc
n arccosr

2. BBG,ZLH ACKApPTOBBI KOOPANHATHI KaK ITOKa3aHO Ha PHCYHKE BbIIIE N UCIIOJb3Yyd METPUKY B MOJEIN

Kaeitna ¢ pagnycom 1

2 _ da? + dy? — (zdy — ydz)?

d
o (1— 22— y2)2 ’

nostyanMm, uarerpupys Bioab OT,

/ 11
2:/ds:/ dx Ly +7°’
1 — 22 2 1—7r
0

=th2. Torman > ——— ~ 11.67, r.e. n > 12.

arccos th 2

OTKYJa T = zi—ﬁ
Solution (ENG). Lets consider the Klein model: its hyperbolic lines (which the sides of the
required n-gon lie on) are the chords of the circle bounding the model, and the hyperbolic circles are
either ellipses or circles whose centers coincide with the center of the model. Due to invariance under
motion, it is sufficient to consider a circle centered at the center of the O model, having a hyperbolic
radius of 2 and a Euclidean radius of » < 1. In the limiting case, the vertices of the polygon lie on the
boundary of the model, and since rotation around the center of the model is a movement, we have

+

N

=1

Here AB is the limit position of the side of the required n-gon, then ZAOT = =, thuscos = > r = n >
— —. It remains to calculate the Euclidean radius 7, knowing the hyperbolic radius 2. By establishing
Cartesian coordinates as shown in the figure above and using the metric in the Klein model with a

radius of 1

2 _ da? + dy? — (zdy — ydz)?
(1— a2 — y2)? ’

ds

By integrating along OT we obtain

/ dx 1. 1+4+7r
2= [ ds= _—
/is /1—x2 2T
0

Ei; =th2. Then n > —T——0 ~ 11.67, i.e. n > 12.

thus r =



Task 4. Toueunas Myxa ynaja B cIydaiinyto Touky kpyrioit oBymku {(r, ) [0 <r <1, 0 < ¢ < 27},
BBIXOJL U3 KOTOPOI ecTh T01bKO B unrepsare {(r,¢) | 0.66 < r < 0.67, ¢ = 7}. Ilonas B 10BymIKY, Myxa,
HEMEJIJIEHHO HAava ia JBUKEHUE COTJIACHO 3aKOHY

dr B T
dt €08 T
dyp

—/ =1

dt

HaiinuTe BepodTHOCTD TOr0, 9TO MyXa BbIOepeTcs U3 JIOBYIIKH. OKPYIVIATE OTBET 10 COTBHIX.

A point fly fell into a random point of a circular trap {(r,¢) | 0 < r <1, 0 < ¢ < 27}, the exit
from which is only in the interval {(r, ) | 0.66 <7 < 0.67, ¢ = 7 }. Having fallen into the trap, the fly
immediately began to move according to the equations

dr T
— = Cos —
dt r
de

g

dt

Find the probability for the fly to escape the trap. Round your answer to two decimal places.

Answer: 0.6

Solution (RUS). Tpaexkropusi Myxu — KpuBasi, 3aJaBaeMast B IOJSPHBIX KOOPJANHATAX CJICILYTO-
mum obpaszom: (r(t,rg), po+1), rae (1o, Yo) — TOUKA, B KOTOPYIO onaJja MyXa B MOMeHT Bpemenu t = 0,
u r(t, 7o) — perenne ypaBHeHWsI % = cos =, rae (0, 70) = ro. lpm atom r(t, 2n2+1) ~ PEeNIeHne TPH JI000M

2n+1

HATypaJbHOM 71, T.K. Cos( s 7T) = 0. B cuny TeopeMbl 0 eTMHCTBEHHOCTH pellleHnd 3aga4dn Komm,

2 ._2 2 .2 / .
€CJIu g € (W’ 2n+1)’ TO r(t, ro) S (2(n+1)+1, 2n+1). Mz06pa3zuM 3aBUCUMOCTH Ty OT T

/
Ty

Urak, mpu 19 < 0.4 moayuanm r(t,79) < 0.4 — B 9TOM caydae MyXa He BbIOepercs u3 JoBYmKd. Ecin
04 <ry < %, o r; > 0 u r Gyaer Bo3pacrarh, HOKa HE JOCTUIHET % € (0.66;0.67), a upu 19 > %
nosryuanMm 7 < 0 u r Gyaer yoBIBATH 110 % — B 000UX cjay4asax r OyJeT CTpeMUThCd K %, T.e. TIOMAJIEeT B
{(r,¢) 1 0.66 < r < 0.67, ¢ = T} GecKOHETHO MHOTO pa3 — 3HAYHUT, MyXa NOKHHET JOBYIIKY.

Ocranock TOJBKO 3aMeTuTh, uto 19 € (0.4;1) ¢ BepositHOocThIO 1 — 0.4 = 0.6. [ToCKOJIBKY B yCI0BUH
He YTOYHSIETCsI, YTO 3HAUUT «CJydaifHas Touka», oreer (.84 TakyKe 3aCUUTHIBAETCS BEPHBIM (3TO ILTO-

ma/b Kosibla ¢ paguycamu 0.4 u 1).

Solution (ENG). The trajectory of a fly is a curve specified in polar coordinates as follows:
(r(t,r0), o + t), where (rg, o) is the point the fly fell to at ¢ = 0, and r(¢,ro) is a solution to the

equation £ = cos . where r(0,7r9) = r9. Moreover, r(t is a solution for any positive integer n
) y 10 0 ) )

2
di ) 2n+1>
since cos (2”2—+1 . 7r) = 0. By the theorem on the uniqueness of the solution to the Cauchy problem, if

ro € (m, ﬁ), then r(t, 7o) € (m, ﬁ) Lets depict the dependence of 7} on r:



!
Tt

So, for 1y < 0.4 we get r(t,r9) < 0.4 — in this case the fly will not get out of the trap. If 0.4 < ry < %,

then r; > 0 and r will increase until it reaches % € (0.66;0.67), and if rq > % we get r; < 0 and r will

decrease to 2 — in both cases r will tend to Z, i.e. hits {(r,¢) | 0.66 < r < 0.67, ¢ = 2} infinitely many
times which means the fly will leave the trap.

It remains only to note that ro € (0.4;1) with the probability 1 — 0.4 = 0.6. Since the task’s
formulation does not specify what «random points means, the answer 0.84 is also considered correct
(this is the area of the ring with radii 0.4 and 1).

Task 5. Ha orpeske [0, 1] 3amans n3amepumbie mo Jlebery muozkectBa Ay, Ay, ..., Agges, CyMMa Mep KO-
2024

TOPBIX He MeHbIle 2. Hafiure HanGobliee 3HadeHne o, Ipu KOTOpoM Mepa (| A; MoxkeT GBIThH paBHA
i=1

Hya0. O0ocHy#iTe CBOI OTBET.

On the segment [0, 1] there are Lebesque-measurable sets Aj, As, ..., Aggoq with the sum of their
2024
measures being greater than or equal to x. Find the largest value of = for which the measure () A; can
i=1
be equal to zero. Explain your answer.

Answer: 2023

Solution (RUS). Ilokazkem, uto z < 2023. Ilyers A; = [0;1] \ A;, i = 1,2,...,2024. Torma
_ 2024 2024
p(A;) =1—p(A;), meeuny [0;1]\ () A= U Ai umeem

=1 i=1

2024 2024 2024 2024
M(ﬂAi) :1—M<Uzi> >1- Y u(A) =1-2024+ 3 u(A) >z — 2023
=1 =1 =1 =1
2024

Ecm x > 2023, To ,u( N Ai) > ( — mpoTruBoOpevne ¢ TpeOOBAHUEM 3aJaYH.
i=1

[Tpusejem npumep nadopa {A; }292* ¢ cymmoit mep 2023 u nysesoii Mepoii nepecevenust: mycrb A; =
, , 2024 2024
0; 1]\ (2555 5057)s Torma p(A;) = 1 — 5557 = 223, 1—231 1(A;) = 2023, u B 10 X)e Bpema [ A; =D n

=1

2024

,u( iDI Ai> =0.

Kpurepun onneHnBaHUA:
e BepHas ornenka (r < 2023) mpuBejieHa U 060CHOBaHA: +3 MEPBUYHBIX BasIa;

® BEpHBII IPUMED, TOATBEPKAAIONINN OIEHKY: +2 MepBUYHBIX OasIIa.



Solution (ENG). Lets show that < 2023. Let A; = [0;1] \ A;, 4 = 1,2,...,2024. Then
_ 2024 2024 __
w(A;) =1—p(4;), and due to [0;1]\ ) A; = U A; we have

=1 =1

2024 2024 2024 2024

u(ﬂAi) :1_”<UZ"> > 1= p(A) = 120244 7 p(A) 2 o 2023

i=1 i=1

2024
If x > 2023, then u( N AZ-) > () is a contradiction with the task’s requirements.
i=1

Lets give an example of a set {A4;}2%2* with a sum of measures 2023 and a zero intersection measure:
2024

let A; = [0;1]\ [555; 503), then w(d;) =1 — 557 = 22, 3~ u(A;) = 2023, and at the same time
i=1
2024 2024

N 4; =0 and u( n Ai> ~0.

i=1
Criteria:
e correct estimate (z < 2023) is given and proven: +3 pre-points;

e correct example that confirms the estimate: +2 pre-points.

Task 6. CymectByer u Takoe auddepeHnaibioe ypaBHenne mepBoro mopsaaka F(z,y,y') = 0, aro
Juist 060t Touku (zg,yo) € R? sazaua Kouu

{F(:v,y,y’) =0

y(z0) = Yo

UMEeEeT POBHO OJWH MUJLIHOH pertenuii? ObocHyiiTe CBOI OTBET.

Is there a first order differential equation F(x,vy,y’) = 0 such that for any point (x¢,79) € R? the
Cauchy problem

F(x,y,y)=0
y(z0) = Yo

has exactly one million solutions? Explain your answer.

Solution (RUS). Paccmorpum ypaBHenune

106

[[& —ky) =0

k=1

Ero manbojee obmiee permenue — 310 y = ¢ - e, rme o € R — BemecTseHHas mepeMenHas, ¢ € R —
BeIIeCTBEHHbIH apaMeTp, a k — mesoe umesno u3 1,2, ..., 105, Jlng Kazkmoro u3 3Tux k eJIHHCTBEHHOE
pellleHne YKa3aHHOHN paHee 3aayn Komu nmeer BUI y = 6}5—20 ekt =g - eFl@=20) _ ragum obpazom, Ta
3aja4a Komm mMeeT pOBHO OJIMH MUJITHOH PEITeHHil.

Kpurepuu onennBaHusa:

® IIpUBEJICHBI BEPHDbIH OTBET W ILJIOJOTBOpPHAS Hes pelleHus: 2 MepBUUHBIX DAJLIA;

® pelleHne BEPHO 3a UCKJIIOYEHHEM OCTYTCTBHS TPOBEPKU TOI'O, 4TO penienus 3amadu Korm «me
CKJIEUBAIOTCSA»: 3 TIEPBUYHBLIX OaJLia;



® IIPUBEIEHO MOJTHOCTHIO BEPHOE pellleHre U JaH BePHBIH OTBET: H MePBUUHBIX OAJLIOB.

Solution (ENG). Consider the equation

108

[T — k) =0

k=1

Its most general solution is y = ¢ - €, where x € R is a real variable, ¢ € R is a real parameter, and
k is an integer from 1,2,...,10%. For each of these k, the unique solution to the previously mentioned

Cauchy problem has the form y = -2 - ek =y - eF@=70) — thus, the Cauchy problem has exactly one
million solutions.

Criteria:
e correct answer and fruitful idea are given: 2 pre-points;

e the solution is correct except for the lack of verification that the solutions to the Cauchy problem
do not «stick togethers: 3 pre-points;

e correct solution and correct answer are given: 5 pre-points.

Task 7. Vriabl TpeyroJbHUKA COCTABISIOT MEOMETPUIECKYIO MPOIPECCHIO ¢ HATYPAJIbHBIM 3HAMEHATE-
jieM. JTokazkuTe, 9TO cepeinHbl CTOPOH M OCHOBAHMUS BBICOT 3TOI0 TPEYTOJIbHUKA ABJIAIOTCS BEPITHHAMU
MPaBUJIBHOTO MHOTOYTOJHHUKA.

Angles of a triangle form a geometric progression with its common ratio being a positive integer.
Prove that the midpoints of the sides and the bases of the altitudes of the triangle are the vertices of a
regular polygon.

Solution (RUS). IIpex/e Bcero BCHOMHHM, 9TO CEPEJMHBI CTOPOH TPEYTOJbHUKA U OCHOBAHUSI
er0 BBICOT JIeXKaT Ha OKPYzKHOCTH Ditaepa. Kpome TOro, cepegawHnl CTOPOH TPEYTOJbHUKA SIBISIOTCH
BEPITHHAME TPEYTOJHHUKA, TOI00HOTO UCXOTHOMY.

[lycth 3HAMEHATEND YIIOMSHYTO HpOrpeccuu paBeH k. 3aMeTUM, UTO BEDIIHHBI JTAHHOTO TPEYTOJIb-
HUKa COBIAIAIOT ¢ (TpeMms) BepmmmHaMu TIpaBuibHoro (1 + k + k?)-yrosbHuka, 9TO OYEBHIHO MOCTE
PacCMOTPEHUS OTUCAHHON OKPYZKHOCTH 1 Aesenus ee Ha (1 + k + k?) paBHBIX 1yr (Ha PECYHKe TTOKa3aH
npumep st k = 3):




Toukn A, By, C; — cepequnbl coorBeTcTByOmux ctopod AABC, Ttouku H,, Hg, Ho — OCHOBaHHS €ro
BbICOT. OCTANIOCH J0KA3aTh, YTO YIOMSHYTHIE TOYKH COBIAJAIOT € BEPIIMHAMU TPABUJIBHOIO MHOIO-
yFOJIbHI/IKa (oueBum/IHO, BHI/IC&HHOFO B OKPY’KHOCTH Diinepa): meiicrsurensuo, ZC1 A /Hy = L/BCA =
e £AC He = LBAC = m, u, y9uThiBas, 9T0 BEICOTH ANABC — 310 6uccektpucht AH, HpHe,
nosyaaeMm tpebyemoe: Touku Aq, By, Cy, Ha, Hg, Ho neqdar OKpy:KHOCTH Dilepa Ha IyTH, TPaLyc-
2

HBIE MeprQKOTOprX KPAaTHBl {77z, T-€. YIOMSAHYTHIE TOYKH COBIAJAIOT ¢ BEPUIMHAMH IPABAIBHOTO
(1 + k + k*)-yrosibauka, 4ro u TpeboBaIOCh JOKA3aTh.

Kpurepuu onennBanus:

® JIOCTUTHYT 3HAYUTETBHBIH MPOTPece (HApUMep, TIOKA3aHO, YTO CePEeIUHBI CTOPOH M OCHOBAHWUSI
BBICOT TPEYTOJbHUKA JIE2KAT HA OKPYZKHOCTH): 3 MEePBUYHBIX OAJLIA;

® IIPUBEICHO MOJHOCTBIO BEPHOE JIOKA3ATEILCTBO: D MEPBUYHBIX OAJIOB.

Solution (ENG). First of all, remember that the midpoints of the sides of a triangle and the
bases of its altitudes lie on the Euler circle. In addition, the midpoints of the sides of the triangle are
the vertices of a triangle similar to the original one.

Let the common ratio of the mentioned progression be equal to k. Note that the vertices of the
triangle coincide with the (three) vertices of a regular (1+ 4+ k?)-gon, which is obvious after considering
the circumscribed circle and dividing it into (1 + k + k?) equal arcs (see the figure on the picture
above which shows an example for k = 3). Points Ay, By, C; on the picture are the midpoints of the
corresponding sides of AABC, points Hy, Hg, Hc are the bases of its heights. It remains to prove
that the mentioned points coincide with the vertices of a regular polygon (obviously inscribed in the
Euler circle): indeed, ZC1AHy = ZBCA = T £A1CiHe = £LBAC = ﬁ, and after taking
into account that the heights of AABC' are bisectors of AH sHgH, we obtain the required: points
Ay, By,C1, Hy, Hg, He divide the Euler circle into arcs whose degree measures are multiples of m,
i.e. the mentioned points coincide with the vertices of a regular (1+ &+ &?)-gon, which was to be proven.

Criteria:

e significant progress has been made (for example, it is shown that the midpoints of the sides and
the bases of the altitudes of a triangle lie on a circle): 3 pre-points;

e a completely correct proof is given: 5 pre-points.

Task 8. Kazxplii 3/eMeHT [JIABHOI JuArOHAIM MATPHIBI 1 X N (n HedeTHO) — mepemeHHas x. JIBoe
HIDOKOB 110 OYepe/id 3aloJHsIOT OCTajJbHbIe 3eMenThl uucaamu 1,2 3, ... (n? — n) 6e3 nosropenuii.
[lestb BTOPOro HrPOKa — JIOOUTHCsI TOTO, 4TOOBI ONPeIeUTE b MOy YUBIIeHCs MATPUITH (T.e. MHOTOUJIEH
n-il CTeNeHn OT ) UMeJI [eJOYUCTeHHBI KOPeHb, a TeJIb IePBOTO UIPOKA — MOMENIATh BTOPOMY.

Y KOro u3 UTPOKOB €CTh BBIUI'PBINIHAA cTpareruss! Q0ocHyiiTe CBOi OTBET.

Each element on the main diagonal of a matrix n x n (n is odd) is a variable z. Two players take
turns filling in the remaining elements with the numbers 1,2,3, ..., (n* — n) without repetition. The
goal of the second player is to ensure that the determinant of the resulting matrix (i.e. a polynomial of
the n-th degree in x) has an integer root, and the goal of the first player is to interfere with the second
one.

Which player has a winning strategy? Explain your answer.



Solution (RUS). TlpuBejieM BBIMIPBHINIHYO CTPATETHIO JJIsI BTOPOIO UTPOKA: MOCJE TOTO, KAK
HEePBLIA MOCTABUJI B HEKOTOPBIIT CTOIOEI YUC/I0 t, BTOPOR CTAaBUT B JIIOOYIO CTPOKY ITOIO Ke CTOI0IA
ancyio (n? —n + 1 —t) — Torga B pesy/bTaTe CyMMa BCeX 3JeMEHTOB KarKJoro crojibna Oyjaer paBHa
x4+ (n?—n+1) (an) BBuay cBoitcTB onpegenuTe s, MOIYyYeHHBI ONpenenTe/ b Oy1eT paBeH

4+ —n+1)(%2) z+ @ —n+1)(%) 2+ @ —n+ D)%) ... 2+ (nP-n+1)(%7)
a1 a99 a93 R Aon
an1 (07%%)) an3 R Ann

KOTODBbIil, O4eBHIHO, fgeaurcsd Ha T + (n? —n + 1) (”T_l), T.e. mejoe uncao —(n* —n+1) (”T_l) ABJICTCA
KOpHEM ITOJIy4Y€HHOI'0 MHOTI'O4JieHa.
Kpurepun oneHnBaHud:
® JOCTUTHYT 3HAYUTEJLHLIA HPOrPece B PEIICHUH: 3 IEPBUYHBIX OAJLIA;

® [IpUBCICHBI IIOJTHOCTHIO BEPHbIC pelieHnue n OTBET: 5) IMMEePBUYIHBIX 0aJLJI0B.

Solution (ENG). Lets show a winning strategy for the second player: after the first player has
placed the number ¢ in a certain column, the second player places the number (n? —n+1—t) in any row
of the same column — then the sum of all elements of each column will be equal to x + (n? —n+1) (”T_l)
Due to the properties of the determinant, the resulting determinant will be equal to

4+ M —n+1)(%2) z+ @ —n+1)(%) 2+ @ —n+1)(%E) ... 2+ 0P -n+1)(%7)
21 22 23 A2n,
an1 (07%%)) an3 R Ann

which is obviously divisible by z + (n* —n + 1)(%52), i.e. the integer —(n® —n + 1)(%51) is the root of
the resulting polynomial.
Criteria:
e significant progress has been made: 3 pre-points;

e correct reasoning and correct answer are given: 5 pre-points.

Task 9. ITIycrb {ay} — orpanudeHHas TOCTEIOBATEIBHOCTD, COCTOAIIA U3 HATYPAIBHBIX Yncest. Moxker
JIM IHCJI0

NE

g,
k!

M

1

OBITH panuoHaTbHBIM? OOOCHYTE CBOI OTBET.

Let {ax} be a bounded sequence consisting of positive integers. Can the number

NE

ag
k!

e
Il

1

be rational? Explain your answer.



Solution (RUS). IIpexkje Bcero 3aMeTuM, 9To Psiji CXOAUTCS BBHUIY orpaHudeHHocta {ay}. 3a-
dukcupyeM Takoe 1eJoe ¢, 4To ¢ > Ay Jijisd JII000ro HATYPAJIbHOIO K.
oo
Ipeamomoxum, aTo ) %% = %’ s p € Z, g € N, ¢ > ¢ (Mbl Bcerjia cMozkeM BbIOPATh Takoe ¢, Ipu
k=1
HEOOXOIMMOCTH JIOMHOXKUB P U ¢ HA JOCTATOYHO DOJIBIIOE HATYpajbHOe Yucyo). Toraa

k=q+1

JIJIsT HEKOTOpOTo 1ejioro n. [loayanm

= g ay = ql-c c c
< = + o<
I S T

k=q+1 ' k=q+1
<4 " 4. =Zc
o=~ 7
g+1  (¢+1) q
oo | oo
Te. 0 < ) L <1, orxyna gl <§ -> ‘;—T) ¢ 7, 9T0 UPUBOAUT K HPOTUBOPEUHIO C IPEIOI0KEHIEM
k=q+1 k=1
oo
— a 3HAYMT, ) & MPPAIMOHAILHO.
k=1

Kpurepuu onennBanus:

® IpHUBEIEHBLI BEpHbIE PACCYKICHUSI U BEPHBIA OTBET: D MEPBUUHBIX OAJLIOB.

Solution (ENG). First of all, note that the series converges due to the boundedness of {ay}.
Lets fix an integer ¢ such that ¢ > a; for any positive integer k.
Suppose that ) %% = § for p € Z, g € N, ¢ > ¢ (we can always choose such a ¢ by multiplying p
k=1
and ¢ by a sufficiently large positive integer). Then

. (L — Y =
¢ <q Zk!) n= ). !
k=1 k

for some integer n. We get

> gl ay = q¢l-c c c
< = + o<
2 k! 2 B g+l (g+1)(g+2)

k=q+1 ’ k=q+1
<yt =l<
g+1  (¢+1) g
thus 0 < > q!,:!"“ < 1, which means ¢! - (’a’ - > ‘L—’;) ¢ Z, which leads to a contradiction with the
k=q+1 k=1

o0
assumption — therefore, ) 7% is irrational.
k=1 "

Criteria:

e correct reasoning and correct answer are given: 5 pre-points.



Task 10. /I HbUKCHPOBAHHOTO HATYPAILHOTO 1 paccMoTpuM MHOKecTBO A = {0,1,2,...,(n — 1)} u
HPOCTPAHCTBO S, cocTosmiee u3 Becex pyHKmii Buga [ : A — A, Bcoay omnpeneaeHHbIX Ha A.

DyHKIIMOHAJ — 3TO IIPOU3BOJILHOE oToOpaykenue [ : S — S, onpenenennoe Ha Beex MYHKIUAX U3 S.
Nunuddepentrsrit pyukimonaa — 31o Takoit byukimonas F, aro ais mobdbix Gyskmmit g, h: A — A
u soboro k € A mmeer mecro caenyiomee: ecan g = h na A\ {k}, o (Fg)(k) = (Fh)(k), T0o ecrp,
rHedopMaTbHO TOBOP, byHKIY (Fg) u (Fh) «BBYACAIIOTY CBOU 3HAYCHUSI B TOUKE k «ATHOPUPYSI» WIIH
«He 3Hasy 3Havyenus Gpyuknuii g u h B Touke k. [Ipumepom unjuddepenrnoro pyHKuoHaia MOKeT
CIYZKUTD JTI000H (PYHKIIMOHAT CONSt,,, KOTOPLIl Bce MyHKIUE n3 S MEePeBOAUT B (DYyHKITHIO-KOHCTAHTY
f(z) =m, Vo € A, tne m — nponsBoJbHas KOHCTaHTa n3 A.

[IpuBeure mpumMep Takoro unauddeperarnoro dbyuknuonaga F', aro giasg jaodoi dyuknun f u3z S
Halierca takoe uuciao k € A, uro (Ff)(k) = f(k). Obocuyiite cBoit oTBeT.

For a fixed positive integer n consider the set A = {0,1,2,...,(n — 1)} and the space S of all
functions f : A — A defined for all k£ € A.

A functional is an arbitrary mapping F : S — S, defined on all functions from S. An indifferent
functional is a functional F' such that for any functions g, h : A — A and any k € A the following holds:
if g =h on A\ {k}, then (Fg)(k) = (Fh)(k), that is, informally speaking, the functions (F'g) and (Fh)
«calculate» their values at the point k «ignorings or «not knowing» the values of the functions g and
h at point k. An example of an indifferent functional is any functional const,,, which transforms all
functions from S into a constant function f(z) = m, Vo € A, while m is an arbitrary constant from A.

Give an example of an indifferent functional F' such that for any function f from S there is a number
k € A such that (F'f)(k) = f(k). Explain your answer.

Solution (RUS). Ounpegennm dynknuonan F caepyomum o6pa3oM: mycTb f — IPOU3BOJIbHAS
dbyuxmua uz S; s moboro k € A myers (F f)(k) = <k: - > f(z)) (mod n). ITo moctpoenuio F' —
ieA\{k}
nn i depeHTHBI DYHKITNOHAT.
Ilycts K = Y f(i) u k = K (mod n). Torma

(FAW) = (k= 3 f@) (modn)= (K~ Y f(i) (modn)=
i€ A\{k} icA\{k}
= (X7 = > 1) (modn)=(f(k)) (modn)= (k)
icA icA\{k}

4TO U TpeDOBAIOCH JOKA3aTh.

Kpurepumn oneHuBaHmd:
e nocrpoer uHaudgdepenTHLI pyHKIHOHAT: 1 HepBUYIHBIN HaLT;

e nocrpoer uHAMMpGEPEeHTHBI DYHKIIMOHAT W JOCTUTHYT CYIIECTBEHHBIH MPOrpece B PEIleHun: 3
HePBUYHBLIX OaJLia;

® 1IPUBEJCHO MOJHOCTHIO BEPHOE PEIEeHUEe U JaH BePHBIHl OTBET: H MePBUYHBIX OALIOB.



Solution (ENG). Lets define the functional F' as follows: let f be an arbitrary function from
S, and for any k € Alet (Ff)(k) = (k -y f(z)) (mod n). By construction, F' is an indifferent

i€A\{k}
functional.
Let K =) f(i) and k = K (mod n). Then
i€A
(Ff)(k ( Zf > (mod n) ( Zf ) (mod n) =
i€ A\{k} icA\{k}
— (X s~ X 76) (modn) = (f(k)) (mod n) = f(k),
i€A 1€ A\{k}
Q.E.D.
Criteria:

e indifferent functional is constructed: 1 pre-point;

e indifferent functional is constructed and significant progress has been made in the solution: 3
pre-points;

e correct solution and correct answer are given: 5 pre-points.



