
Integration Bee, 2023 Dec. 10th

Qualifying round

1)
1∫︀
0

𝑥𝜋 𝑑𝑥 Answer: 1
𝜋+1

2)
∫︀
2log3 𝑥 𝑑𝑥 Answer: 𝑥log3 6

log3 6
+ 𝑐

3)
𝜋/5∫︀

−𝜋/2

sin(10𝑥) 𝑑𝑥 Answer: −0.2

4)
∫︀

𝑥
1−𝑥

𝑑𝑥 Answer: −𝑥− ln |1− 𝑥|+ 𝑐

5)
∫︀
cos3 𝑥 𝑑𝑥 Answer: sin𝑥− 1

3
sin3 𝑥+ 𝑐

6)
2∫︀

−2

𝑥𝑒𝑥
4
𝑑𝑥 Answer: 0

7)
100∫︀
1

log10 𝑥 𝑑𝑥 Answer: 200− 99 log10 𝑒

8)
∫︀
tan2 𝑥 𝑑𝑥 Answer: tan𝑥− 𝑥+ 𝑐

9)
∫︀

𝑥+3
𝑥2−1

𝑑𝑥 Answer: 2 ln |𝑥− 1| − ln |𝑥+ 1|+ 𝑐

10)
∫︀

𝑑𝑥√
𝑥(𝑥+1)

Answer: 2 ln |
√
𝑥+

√
𝑥+ 1|+ 𝑐

Additional qualifying round

1)
∫︀

cot𝑥
sin𝑥

𝑑𝑥 Answer: − 1
sin𝑥

+ 𝑐

2)
𝜋∫︀
0

cos4 𝑥 𝑑𝑥 Answer: 3𝜋
8

3)
∫︀

𝑑𝑥
𝑥 log5 𝑥

Answer: ln 5 · ln | ln𝑥|+ 𝑐

4)
∫︀
𝑥2023 · 2024𝑥2024

𝑑𝑥 Answer: 1
ln 2024

· 2024𝑥2024−1 + 𝑐

5)
∫︀

𝑑𝑥√
9𝑥2−𝑥4 Answer: −1

3
ln
⃒⃒
1
|𝑥| +

√︁
1
𝑥2 − 1

9

⃒⃒
+ 𝑐



Playoffs

1)
−3∫︀
0

𝑥3

𝑥+1
𝑑𝑥 =

−3∫︀
0

𝑥3+1
𝑥+1

𝑑𝑥−
−3∫︀
0

𝑑𝑥
𝑥+1

=
−3∫︀
0

(𝑥2−𝑥+1)𝑑𝑥− ln |𝑥+1|
⃒⃒−3

0
= (1

3
𝑥3− 1

2
𝑥2+𝑥)

⃒⃒−3

0
− (ln 2− ln 1) =

−9− 4.5− 3− ln 2 = −16.5− ln 2

2)
∫︀

𝑥
3√2−7𝑥

𝑑𝑥 = −1
7

∫︀
2−7𝑥
3√2−7𝑥

𝑑𝑥 + 2
7

∫︀
𝑑𝑥

3√2−7𝑥
= 1

49

∫︀
(2 − 7𝑥)2/3𝑑(2 − 7𝑥) − 2

49

∫︀
(2 − 7𝑥)−1/3𝑑(2 − 7𝑥) =

3
245

(2− 7𝑥)5/3 − 3
49
(2− 7𝑥)2/3 + 𝑐

3)
7∫︀
4

𝑑𝑥
(1−𝑥)(2−𝑥)(3−𝑥)

= 1
2

7∫︀
4

𝑑𝑥
1−𝑥

−
7∫︀
4

𝑑𝑥
2−𝑥

+ 1
2

7∫︀
4

𝑑𝑥
3−𝑥

= 1
2
ln |1 − 𝑥|

⃒⃒7
4
− ln |2 − 𝑥|

⃒⃒7
4
+ 1

2
ln |3 − 𝑥|

⃒⃒7
4
= 1

2
ln 2 −

ln 5
2
+ 1

2
ln 4 = ln

(︀
4
5

√
2
)︀

4)
∫︀

𝑥+5
𝑥2+5

𝑑𝑥 = 1
2

∫︀
2𝑥 𝑑𝑥
𝑥2+5

+ 5
∫︀

𝑑𝑥
𝑥2+5

= 1
2
ln(𝑥2 + 5) +

√
5 arctg 𝑥√

5
+ 𝑐

5)
16∫︀
0

𝑑𝑥
1+

√
𝑥
= 2

16∫︀
0

√
𝑥 𝑑

√
𝑥

1+
√
𝑥

= 2
16∫︀
0

(
√
𝑥+1) 𝑑

√
𝑥

1+
√
𝑥

− 2
16∫︀
0

𝑑
√
𝑥

1+
√
𝑥
= 2

√
𝑥
⃒⃒16
0
− 2 ln(

√
𝑥+ 1)

⃒⃒16
0

= 8− 2 ln 5

6)
∫︀

𝑑𝑥
cos(𝑥

3
)
= 3

∫︀ cos 𝑥
3

𝑑𝑥
3

1−sin2 𝑥
3

= 3
2
ln
⃒⃒1+sin 𝑥

3

1−sin 𝑥
3

⃒⃒
+ 𝑐

7)
1∫︀
0

arcsin
√
𝑥 𝑑𝑥 = 2

1∫︀
0

√
𝑥 arcsin

√
𝑥 𝑑𝑥 = 𝑥2 · arcsin

√
𝑥
⃒⃒1
0
−

1∫︀
0

𝑥2 𝑑𝑥√
1−𝑥2 = 𝜋

2
+

1∫︀
0

1−𝑥2
√
1−𝑥2 𝑑𝑥 −

1∫︀
0

𝑑𝑥√
1−𝑥2 =

𝜋
2
+ 𝜋

4
− arcsin𝑥

⃒⃒1
0
= 𝜋

4

8)
∫︀
sin𝑥 · sin ln cos 𝑥 𝑑𝑥 = −

∫︀
sin ln cos 𝑥 𝑑 cos𝑥 = −

∫︀
sin 𝑦 𝑑𝑒𝑦

𝑑𝑒𝑓
≡ −𝐽 , where 𝑦 = ln cos 𝑥.

𝐽 = 𝑒𝑦 sin 𝑦 −
∫︀
𝑒𝑦 cos 𝑦 𝑑𝑦 = 𝑒𝑦 sin 𝑦 − 𝑒𝑦 cos 𝑦 − 𝐽 , thus 𝐽 = 1

2
𝑒𝑦(sin 𝑦 − cos 𝑦) + 𝑐, then the initial

integral equals to −1
2
cos𝑥(sin ln cos𝑥− cos ln cos 𝑥) + 𝑐

9) while 𝜈(𝑥) is a distance from 𝑥 to the nearest integer,
20∫︀
7

𝜈(𝑥) 𝑑𝑥 = 20−7
4

= 13
4

10)
𝜋/2∫︀
0

arcctg(tan 𝑥) 𝑑𝑥 =
𝜋/2∫︀
0

(︀
𝜋
2
− arctg(tan 𝑥)

)︀
𝑑𝑥 = 𝜋

2

𝜋/2∫︀
0

𝑑𝑥−
𝜋/2∫︀
0

𝑥 𝑑𝑥 = 𝜋2

4
− 𝑥2

2

⃒⃒𝜋/2
0

= 𝜋2

8


